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Abstract 

We study the heat flow in the loop space of a closed Riemannian 
manifold M as an adiabatic limit of the Floer equations in the cotan- 
gent bundle. Our main application is a proof that the Floer homology of 
the cotangent bundle, for the Hamiltonian function kinetic plus potential 
energy, is naturally isomorphic to the homology of the loop space. 



1 Introduction 

Let M be a closed Riemannian manifold and denote by CM the free loop space. 
Consider the classical action functional 

for X : ^ M. Here and throughout wc identify ~ M/Z and think of x S 
C°°{S^,M) as a smooth function x -.R—^ M which satisfies x{t+l) = x{t). The 
potential is a smooth function V : x M ^ ]& and we write Vt{x) :— V{t,x). 
The critical points of Sy are the 1-periodic solutions of the ODE 

Vti = -VVtix), (1) 

where VVt denotes the gradient and Vji denotes the Levi-Civita connection. 
Let P = ViV) denote the set of 1-periodic solutions x : ~f M of (1). In the 
case V = Q these are the closed geodesies. Via the Legendre transformation the 
solutions of (1) can also be interpreted as the critical points of the symplectic 
action Ay ■ CT*M ^ R given by 

Av{z) = ^ (^{y{t), x{t)) - H{t, x{t), y{t))^ dt 

where z = {x,y) : T*M and the Hamiltonian H ^ Hy : x T*M R 

is given by 

H{t,x,y)^^\yf + Vit,x) (2) 



for y e T*M. A loop z{t) = {x{t),y{t)) in T*M is a critical point of Av iff 
a; is a solution of (1) and y{t) S T*^^~^M is related to x{t) G Tx(t)M via the 
isomorphism TM T*M induced by the Riemannian metric. For such loops 
z the symplcctic action Av{z) agrees with the classical action Sv{x). 

The negative L"^ gradient flow of the classical action gives rise to a Morse- 
Witten complex which computes the homology of the loop space. For a regular 
value a of Sv we shall denote by HM°(£M, 5y) the homology of the Morsc- 
Witten complex of the functional Sy corresponding to the solutions of (1) with 
Sv{x) < a. Here we assume that Sy is a Morse function and its gradient flow 
satisfies the Morsc-Smale condition (i.e. the stable and unstable manifolds inter- 
sect transversally, see [2] for the unstable manifold). As in the finite dimensional 
case one can show that the Morse- Witten homology HM"(£M,<Sy) is naturally 
isomorphic to the singular homology of the sublevel set 

CM = {xeCM\ Sv{x) < a} . 

On the other hand one can use the L"^ gradient flow of Av to construct Floer 
homology groups HP" (T* M, i/y ) . Our main result is the following. 

Theorem 1.1. Asssume Sy is Morse and a is either a regular value of Sy or 
is equal to infinity. Then there is a natural isomorphism 

HF^ (T*M, Hy;R)^ BM1{CM,Sy; R) 

for every principal ideal domain R. If M is not simply connected then there 
is a separate isomorphism for each component of the loop space. The isomor- 
phism commutes with the homomorphisms HF"(r*M, iJy) — » HF^(T*M, iJy) 
and HM^(£M,5y) ^ HMl{jCM,Sy) for a<b. 

Corollary 1.2. Let Sy and a be as in Theorem 1.1. Then there is a natural 
isomorphism 

jjpa Hy-R)^ {CM; R) 

for every principal ideal domain R. If M is not simply connected then there 

is a separate isomorphism for each component of the loop space. The isomor- 
phism commutes with the homomorphisms HF^(T*M, ify) i{¥\{T*M,Hy) 
and H4£»M) ^ H*(£''M) for a<b. 

Proof. Theorem 1.1 and Theorem A. 7 □ 

Both the Morse-Witten homology HM^{CM,Sy) and the Floer homology 

HF"(T*M, Hy) are based on the same chain complex C° which is generated 
by the solutions of (1) and graded by the Morse index (as critical points of 
Sy). In [24] it is shown that this Morse index agrees, up to a universal additive 
constant zero or one, with minus the Conley-Zehnder index. Thus it remains 
to compare the boundary operators and this will be done by considering an 
adiabatic limit with a family of metrics on T*M which scales the vertical part 
down to zero. Another approach to Corollary 1.2 is contained in Viterbo's 
paper [21]. Some recent applications of Corollary 1.2 can be found in [26]; these 
applications require the statement with action windows and fixed homotopy 
classes of loops. 
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The Floer chain complex and its adiabatic limit 

Wc assume throughout that Sy is a Morse function on the loop space, i.e. that 
the 1-periodic solutions of (1) are all nondegenerate. (For a proof that this holds 
for a generic potential V see [24].) Under this assumption the set 

{x e r{V) I Svix) < a} 

is finite for every real number a. Moreover, each critical point x E ViV) has 
well defined stable and unstable manifolds with respect to the (negative) 
gradient flow (see for example Davies [2]). Call Sv Morse— Smale if it is a 
Morse function and the unstable manifold W^{y) intersects the stable manifold 
W^ix) transversally for any two critical points x,y € 'P{V). 
Assume Sy is a Morse function and consider the Z-module 

= C"(y) = Zx. 

If Sv and Av are Morse-Smale then this module carries two boundary opera- 
tors. The first is defined by comiting the (negative) gradient flow lines oi Sv- 
They are solutions u : M x S*^ ^ Af of the heat equation 

d,u-VtdtU-VVt{u)=Q (3) 

satisfying 

lim u{s,t) = x'^{t), lim daU = Q, (4) 

s— *±oo s— »itoo 

where x^ € V{V). The limits are uniform in t. The space of solutions of (3) 
and (4) will be denoted by M'^{x^ ^x'^: V). The Morse Smale hypothesis guar- 
antees that, for every pair x"^ G V°'{V), the space {xr , x'^ ]V) is a smooth 
manifold whose dimension is equal to the difference of the Morse indices. In the 
case of Morse index difference one it follows that the quotient M^{x~ ,x'^]V) /R 
by the (free) time shift action is a finite set. Counting the number of solutions 
with appropriate signs gives rise to a boundary operator on C°'{V). The ho- 
mology IIM"(£M, iSy) of the resulting chain complex is naturally isomorphic to 
the singular homology of the loop space for every regular value a of <Sy: 

HM:(£M, Sv) = B.^iCM- Z), CM := {x e £M | Sv{x) < a} . 

The details of this isomorphism will be established in a separate paper (see 
Appendix A for a summary of the relevant results). 

The second boundary operator is defined by counting the negative gradient 
flow lines of the symplectic action functional Av- These are the solutions {u,v) : 
Rx S'^ ^ TM of the Floer equations 

dsU-VtV-VVt{u)=0, VsV + dtU-v = 0, (5) 

lim u{s,t) = x'^^t), lim v{s,t) = x^{t)- (6) 

s— >itoo s— *±oo 
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Here we also assume that dgU and VsW converge to zero, uniformly in t, as \s\ 
tends to infinity. For notational simplicity we identify the tangent and cotangent 
bundles of M via the metric. Counting the index-1 solutions of (5) and (6) with 
appropriate signs we obtain the Floer boundary operator. We wish to prove that 
the resulting Floer homology groups HF"(T*M, iJy) are naturally isomorphic 
to HM°(£M,<Sy). To construct this isomorphism we modify equation (5) by 
introducing a small parameter e as follows 

dsu - Vtv - VV{t, u) = 0, VsV + e-^idtu -v) = 0. (7) 

The space of solutions of (7) and (6) will be denoted by M'^{x~ ,x'^;V). The 
Floer homology groups for different values of e are isomorphic (see Remark 1.3 
below). Thus the task at hand is to prove that, for e > sufficiently small, 
there is a one-to-one correspondence between the solutions of (3) and those 
of (7). A first indication, why one might expect such a correspondence, is the 
energy identity 

E'{u,v) = - / {\dsu\^ + \VtV + VVt{u)\^+e^\Vsv\^+e-^\dtU-v\^) 

^ J-oa Jo 

= Sv{x~) — Sv{x~^) 

for the solutions of (7) and (6). It shows that dtU — v must converge to zero 
in the norm as e tends to zero. If dfU = v then the first equation in (7) is 
equivalent to (3). 

Remark 1.3. Let M be a Riemannian manifold. Then the tangent space of 
the cotangent bundle T*M at a point {x,y) with y G T*M can be identified 
with the direct sum T^M © T*M. The isomorphism takes the derivative z{t) 
of a curve R T*M : t ^ z{t) = {x{t),y{t)) to the pair {x{t),Vty{t)). With 
this identification the almost complex structure Jg and the metric Ge on T*M, 
given by 

- [e-'g )' - V eg- 

are compatible with the standard symplcctic form cu on T*M. Here we denote 
by g : TM T*M the isomorphism induced by the metric. The case e = 1 
corresponds to the standard almost complex structure. The Floer equations for 
the almost complex structure Jg and the Hamiltonian (2) are 

dsW - Js{w){dtw - XHtiw)) = 0. 

If we write ti;(s,t) = {u{s,t),v{s,t)) with v{s,t) G T*^^^^M then this equation 
has the form 

dsU - eg-'^VtV - eWVtiu) = 0, VsV + e'^gdtu - e~'^v = 0. (8) 

A function w = (u, v) is a solution of (8) if and only if the functions u{s, t) 
u{e~^s,t) and v{s,t) := g~'^v(e~^ s^t) satisfy (7). In view of this discussion 
it follows from the Floer homotopy argument that the Floer homology defined 
with the solutions of (7) is independent of the choice of £ > 0. 
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Assume Sv is Morsc-Smale. Then wc shall prove that, for every a G M, there 
exists an £o > such that, for < £ < £o and every pair x~^,x~ G V°-{V) with 
Morse index difference one, there is a natural bijective correspondence between 
the (shift equivalence classes of) solutions of (3), (4) and those of (7), (6). This 
will follow from Theorems 4.1 and 10.1 below. 

It is an open question if the function Sv is Morse-Smale (with respect to the 
metric on the loop space) for a generic potential V . However, it is easy to 
establish transversality for a general class of abstract perturbations V : £M M 
(see Section 2). We shall use these perturbations to prove Theorem 1.1 in 
general. 

The general outline of the proof is similar to that of the Atiyah-Floer con- 
jecture in [4] which compares two elliptic PDEs via an adiabatic limit argument. 
By contrast our adiabatic limit theorem compares elliptic with parabolic equa- 
tions. This leads to new features in the analysis that are related to the fact that 
the parabolic equation requires different scaling in space and time directions. 

The present paper is organized as follows. The next section introduces a 
relevant class of abstract perturbations V : £M R. Section 3 explains 
the relevant linearized operators and states the estimates for the right inverse. 
These are proved in Appendices C and D. In Section 4 we construct a map 
j-s . _Xi^{x~ ,x^;V) M'^{x~ ,x~^; V) which assigns to every parabolic cyhnder 
of index one a nearby Floer connecting orbit for e > sufficiently small. The 
existence of this map was established in the thesis of the second author [23], 
where the results of Section 3, Section 4, and Appendix D were proved. Sec- 
tions 5, 6, and 7 are of preparatory nature and establish uniform estimates for 
the solutions of (7) . Section 8 deals with exponential decay. Section 9 establishes 
local surjectivity of the map by a time-shift argument, and in Section 10 we 
prove that is bijective. Things are put together in Section 11 where we com- 
pare orientations and prove Theorem 1.1. Appendix A summarizes some results 
about the heat flow (3) which will be proved in [25]. In Appendix B we prove 
several mean value inequalities that play a central role in our apriori estimates 
of Sections 5, 6, and 7. 

2 Perturbations 

In this section wc introduce a class of perturbations of equations (3) and (7) 
for which transversality is easy to achieve. The perturbations take the form of 
smooth maps V : CM R. For x e CM let grad V(a;) e 0°(5\ a;*TM) denote 
the i^-gradient of V; it is defined by 

/ {gTadV{u),dsu)dt := —Viu) 
Jo as 

for every smooth path R — ^ CM : s i-^ u{s, •). The covariant Hessian of V 
at a loop x-.S^^Mis the operator Hvix) : fl°(S^,x*TM) n°{S\x*TM) 
defined by 

Hv{u)dsU := VsgradV(u) 
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for every smooth map K CM : s u{s,-). The axiom (VI) below asserts 
that this Hessian is a zeroth order operator. We impose the following conditions 
on V; here |-| denotes the pointwise absolute value at {s,t) e K x 5^ and \\-\\i^p 
denotes the i^'-norm over at time s. 

(VO) V is continuous with respect to the C° topology on CM. Moreover, there 
is a constant C > such that 

sup |V(a;)| + sup ||gradV(a;)||^„(5i) < C. 
xeCM xeCM 

(VI) There is a constant C > such that 

|V,gradV(u)| < C{\dsu\ + \\dsu\\^,), 
|VtgradV(«)| <c(l + |a*«|) 

for every smooth map R CM : s t-^ u{s, •) and every {s,t) € M x S^. 
(V2) There is a constant C > such that 

|V«V,gradV(w)| < c(|v,a«w| + ||V«a«w||^i + {\dsu\ + 
|VtV,gradV(M)| < c(\Vtdsu\ + {l + \dtu\) {\d,u\ + \\dsu\\j^,)) 

and 

\VsVsgTadV{u) -nv{u)%dsu\ < C(|9,u| + \\dsu\\^2f 
for every smooth map M — > CM : s u{s, •) and every (s, t) gRx S^. 

(V3) There is a constant C > such that 

|VsV,VsgradV(«)| < c(^\VsVsdsu\ + ||VsV^5^u||ii 

+ {\WsdsU\ + \\WsdsU\\^,){\dsU\ + \\dsU\\^,) 

+ {\d,u\ + \\d,u\\Loo){\dsu\ + \\dsu\\L,)^y 
\VtVsVsgradV{u)\ < c(\VtVsd,u\ + |Vt5,w| {\dsu\ + \\dsu\\^,) 
+ (1 + \dtu\){\Vsdsu\ + \\Vsdsu\\^,) 

+ {l + \dtu\){\d,u\ + \\dsu\\L,f), 
|VtV(V,gradV(u)| < c(|VtVt9,u| + (l + \dtu\) \\/tdsu\ 

+ (1 + Idtui" + \Vtdtu\) {\dsu\ + WdsuW^i)) 

for every smooth map M — > CM : s i— > u{s, •) and every (s, t) gRx S^. 
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(V4) For any two integers k > and i > there is a constant C = C{k,£) 
such that 




for every smooth map M CM : s u{s, •) and every (s, t) G Rx S^; here 
Pj > 1 and J2e =0 ^/Pj ~ ^'^ ^^^^^ partitions fciH hfe^ 

■ and £i + ■ ■ ■ + Im < ^ such that kj + Cj >\ for all j. For fc = the same 
inequality holds with an additional summand C on the right. 



Remark 2.1. The archetypal example of a perturbation is 

V{x):=p{\\x-Xo\\l,^ Vt{x{t))dt, 

where p : M ^ [0, 1] is a smooth cutoff function, xq : 5^ ^ M is a smooth loop, 
and X — xo denotes the difference in some ambient Euclidean space into which 
M is (isometrically) embedded. Any such perturbation satisfies (1^0 — VA). 

Remark 2.2. If ^ 

V{x)= [ Vt{x{t))dt 
Jo 

then 

gradV(x) = \/Vt{x), Hv{x)^ = V^VVtCa;), 
for a; e £M and ^ e n°{S\x*TM). 

With an abstract perturbation V the classical and symplectic action are 
given by 

Sv{x) = ^j^ \x{t)f dt-V{x) 

and ^ 

Avix,y) = 1^ (^{y[t),x{t))-^\y{t)f^ dt-V{x) 

for x e CM and y e 0°(S'\a;*T*M). Equation (7) has the form 

dsU-VtV-gT&dV{u) = 0, VsV + e-'^{dtu-v)=0. (9) 
and the limit equation is 

dsU-Vtdtu-giadViu) = 0. (10) 

Here grad V(u) denotes the value of grad V on the loop t u{s, t). The relevant 
set of critical points consists of the loops x : ^ M that satisfy the differential 
equation VtX = gradV(a;) and will be denoted by V{V). The subset ^"(V) C 
■P(V) consists of all critical points x with «Sv(a;) < a. 
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3 The linearized operators 

Throughout this section we fix a perturbation V that satisfies {VO — V4:). Lin- 
earizing the heat equation (10) gives rise to the operator 

V° :Ct°{Rx S\u*TM) ^ x S\u*TM) 

given by 

Vl^ = - VtVtC - Ri^, dtu)dtu - Hviu)^, (11) 

for every clement ^ of the set 0''(R x S^, u*TM) of smooth vector fields along u. 
If is Morse then this is a Fredholm operator between appropriate Sobolev 
completions. More precisely, define 

Cu = C'i, Wu = wi 

as the completions of the space of smooth compactly supported sections of the 
puUback tangent bundle u*TM — > R x 5^ with respect to the norms 



\J-oo ^0 



1/p 



\J-oo Jo 



1/p 



Then 2?° : ^ £p is a Fredholm operator for p > 1 (Theorem A. 4) with 
index 

indexD^ = indv(a;~) — indv(a;"'"). 

Here indv(.T) denotes the Morse index, i.e. the number of negative eigenvalues 
of the Hessian of Sy. This Hessian is given by 

A°{x)^ = -Vm - R{^, i)i - Hvix)^, 

where R denotes the Riemann curvature tensor and Ti.y denotes the covariant 
Hessian of V (see Section 2). The Morse-Smale condition asserts that the oper- 
ator is surjective for every finite energy solution of (3). That this condition 
can be achieved by a generic perturbation V is proved in [25] (see Appendix A). 
Linearizing equation (9) gives rise to the first order differential operator 

'^l,v W^^P{m X S^,u*TM e u*TM) LP{m X S^,u*TM u*TM) 

given by 

for (^, ri) e l^i'P(R X S\u*TM © u*TM). 
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Remark 3.1. Assume Sy is Morse and let p > 1. Then I?^ ,„ is a Fredholm 
operator for every pair (u, v) that satisfies (6) and its index is given by 

index ^ = indv(a;~) — indv(a;"'"). 

To see this rescale u and v as in Remark 1.3. Then the operator on the rescaled 
vector fields ^{s,t) := ^{e~^s,t) and fi{s,t) := g~^r]{s~^s,t) has the same form 
as in Floer's original papers [6] with the almost complex structure of Re- 
mark 1.3. That this operator is Fredholm was proved in [5, 19, 15] for p ^ 2. 
An elegant proof of the Fredholm property for general p > 1 was given by Don- 
aldson [3] for the instanton case; it adapts easily to the symplcctic case [18]. 
The Fredholm index can be expressed as a difFcrcncc of the Conlcy Zchnder 
indices [19, 15]. That it agrees with the difference of the Morse indices was 
proved in [23]. 

Let us now fix a solution u of (3) and define v :— dtu. For this pair {u,v) 
we must prove that the operator is onto for e > sufficiently 

small and prove an estimate for the right inverse which is independent of e. 
We will establish this under the assumption that the operator is onto. To 
obtain uniform estimatc;s for the inverse with constants independent of e we 
must work with suitable £-dependent norms. For compactly supported vector 
fields C = v) en°{RxS^, u*TM © u*TM) define 

\\c\\o,p,e = [l°ll\\^r+^''\vndtds 

\\C\\i,p,s = [f^ J\\e + Ivf + + Hrif 

\ l/p 

Theorem 3.2. Let {u, v) : R x 5^ — > TM be a smooth map such that v and 
the derivatives dsU,dtu,VtdsU,'VtdtU are bounded and lhns^±oo u{s,t) exists, 
uniformly in t. Then, for every p > 1, there are positive constants c and Eq such 
that, for every EG (0,eo) and every C = (^,??) G VF^'P(M x S^,u*TM ®u*TM), 
we have 

II VtC - vWlp + IMlp + IIV.^ILp + £ WVsvWlp 

The formal adjoint operator (2?^^)* defined below satisfies the same estimate. 
Moreover, the constants c and eq are invariant under s-shifts of u. 

The formal adjoint operator 

{Vl^^Y : W'^^P{R X S\u*TM © u*TM) W^'P{R x S\u*TM © u*TM) 
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with respect to the (0, 2, e)-inner product associated to the (0, 2, £:)-norin has 
the form 

\* = f'"^'^ ~ " ^^^^ ~ 'Hv{u)C + e^R{r], v)d,u 
{^u,v) y^J y _v,r, + £-2(Vt^-r,) 

for ^, e W^'P{R x S^,u*TM). We shall also use the projection operator 
TTe : LP{S\x*TM) X LP{S\x*TM) W^'P{S\x*TM) 

given by 

for X e CM and i,r]€ il.°{S^,x*TM). This operator, for the loop x{t) = u{s, t), 
will be applied to the pair (^(s, •), r]{s, •)). 

Theorem 3.3. Assume Sv is Morse-Smale and let u G A4^{x~ ,x~^;V). Then, 

for every p > 1, there are positive constants c and Sq (invariant under s-shifts 
of u) such that, for every e € (0,eo) the following are true. The operator 
T>^ ■='T>l^g^u ^'^^^ ^'^'^ /'^'^ every pair 

C := v) e im {V'J* C W^'P{R x S\u*TM ® u*TM) 

we have 

Uh^ + Ml^ + \m\L^ < c {e \\VlC\\o,,,e + WMKOWl^) , (14) 

||Clll,p,e < C {s ||I?SCIIo,p,e + heiKOh.) ■ (15) 

The proofs of Theorems 3.2 and 3.3 are given in Appendix D. They are 
based on a simplified form of Theorem 3.2 for flat manifolds with V = which 
is proved in Appendix C. In particular, Corollary C.3 shows that the £-weights 
on the left hand side of equation (13) appear in a natural manner by a rescaling 
argument and, for p = 2, these terms can be interpreted as a linearized version 
of the energy. This was in fact the motivation for introducing the above s- 
dependent norms. The proof of Theorem 3.3 is based on Theorem 3.2 and a 
comparison of the operators 2?" and V^. 

To construct a solution of (7) near a parabolic cylinder it is useful to combine 
Theorems 3.2 and 3.3 into the following corollary. This corollary involves an 
e-dependent norm which at first glance appears to be somewhat less natural but 
plays a useful role for technical reasons. 

Given a smooth map u : R x ^ M and a compactly supported pair of 
vector fields C = {t v) G ^°{'^ x S\u*TM 8 u*TM) we define 

IllCllle := UK + U\v + ll^*^llp + 11^ - + ll^'^^llp .ig. 

+ e II V,r;||^ + e + e^'^^ llClloo + ^^^^^^'^ ll^lloc • 

For small e this norm is much bigger than the (l,p, £:)-norm. 
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Corollary 3.4. Assume Sy is Morse-Smale and let u G V). Then, 

for every p > 1, there are positive constants c and Eq such that, for every 
e e (0, £o) i^e following holds. If 

c = (^,7?) Simper, c' = (^',^') ■■=Kc, 

then 

\K\L<c{U'l+e'/'\W\Q. (17) 

Proof. Let C2 be the constant of Theorem 3.2 and C3 be the constant of Theo- 
rem 3.3. Then, by Theorem 3.3, 

< C3 (s UX + WvX +11(1- eVtVtrHC' - e^Mt?') || J 

<c,{uX + e'^'\\vX)- 

Here the second step follows from Lemma D.3. Combining the last estimate 
with Theorem 3.2 we obtain 

h - VtCllp + e II Vtr?||^ + e || V.^lp + || V.ryjl^ 

< C2 {e liril, + Wv'l + c,s [UX + ^^'^ ll'^'llp)) 

<c2(i+c4)(eriip+£2 iiviQ. 

Now let C5 be the constant of Lemma 3.5 below. Then 

e^l''^ lieiloo < C5 (lieilp + II V.eilp + e ||V.e|| J , 

^'/'^'/^ ll^lloo < C5 (fl'' U\, + e mi + II V.ryig . 

(Here we used the cases (/3i,/32) = (1/2, 1) and (/3i,/?2) = (1/2,3/2).) Combin- 
ing these four estimates we obtain (17). □ 

The second estimate in the proof of Corollary 3.4 shows that one can obtain a 
stronger estimate than (17) from Theorems 3.2 and 3.3. Namely, (17) continues 
to hold if llClle is replaced by the stronger norm where the U norms of V*^ — 77, 
V(?7, V,^, and VsT/ are multiplied by an additional factor e~^^'^ . The reason for 
not using this stronger norm lies in the proof of Theorem 4.1. In the first step 
of the iteration we solve an equation of the form 2?^ Co = C = (0) 'j') where t( is 
boimded (in LP) with all its derivatives. Our goal in this first step is to obtain 
the sharpest possible estimate for Co and its first derivatives. We shall see that 
this estimate has the form HCoile < ce^ and that such an estimate in terms of 

cannot be obtained with the stronger norm indicated above. 
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Lemma 3.5. Let u G C°°(K x S^,M) such that \\dsu\\oo and |j5tM||oo o-re finite 
and \mis^±^u{s,t) exists, uniformly in t. Then, for every p > 2, there is a 
constant c > such that 

uiL < ce-^^^+^^y^ (ii^ii, + !i v.eii, + s^'^ m\Q 

for every e G (0, 1], every pair of nonnegative real numbers /3i and P2, and every 
compactly supported vector field ^ e x S^,u*TM). 

Proof Define u:Z^:=Rx (M/e-'^iZ) ^ M and | e fl°{Ze, u*TM) by 

u{s,t) ■.^u{e^^s,e^H), ^{s,t) := £,{e^''s,e^H). 
The estimate is equivalent to the Sobolcv incquahty 

ll^ll < cflllll + llVtlll + ||V,||| ) 
Halloo — v^ii^iip II ''^iip II ^iipy 

with a uniform constant c = c{p, \\dsu\\^ , \\dtu\\^) that is independent of e S 
(0, 1]. (To see how the L°° bounds on dgU and dtu enter the estimate, embedd 
M into some euclidean space and use the Gauss- Weingarten formula.) □ 

4 Existence and uniqueness 

Throughout this section we fix a perturbation V that satisfies {VO — V4:). In 
the next theorem we denote by 

parallel transport along the geodesic r 1— > exp3,(T^). 

Theorem 4.1 (Existence). Assume Sy is Morse-Smale and fix two constants 
a € M and p > 2. Then there are positive constants c and Eq such that the 
following holds. For every e G (0,£o), every pair G ^"(V) of index difference 
one, and every u G A4^{x~ ,x'^;V), there exists a pair {u^,v^) G A4^{x~ ,x~^;V) 
of the form 

u^ = exp„(0, = ^u,0idtu + r]), (^, r?) e im (P^)*, 

where ^ and rj satisfy the inequalities 

+ £ IHvWlp + e llVs^lliP + II V«?7|liP < ce^ 

and 

lieiL^o < ce^-^/^ ||r/|L» < ce-V2-2/P. (20) 
Remark 4.2. The estimates (19) and (20) can be summarized in the form 

IIICL < cs' 

(with a larger constant c). 
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Theorem 4.3 (Uniqueness). Assume S\> is Morse-Smale and fix two con- 
stants a G IR and C > 0. Then there are positive constants S and Sq such that, 
for every e £ (0, £o); every pair G ^"(V) of index difference one, and every 
u G A4°{x~ ,x~^;V) the following holds. If 

{Ci,Vi)eim{Vir, Uihoo<Se'/\ \Ml^<C, (21) 

for i = 1,2 and the pairs 

< := exp„(^i), vl := $(u, ^i){dtU + rji), 

belong to the moduli space A4^{x~ ,x'^;V), then (uf,uf) = (^2,1)2)- 

In the hypotheses of Theorem 4.3 we did not specify the Sobolev space to 
which (i = {^i, rji) is required to belong. The reason is that Q is smooth and, by 
exponential decay, belongs to the Sobolev space W'''P{R x 5\ u*TM u*TM) 
for every integer fc > and every p> 1. 

Definition 4.4. Assume S\; is Morse Smale and fix three constants a G M, 
C > 0, andp > 2. Choose positive constants £0, 5, and c such that the assertions 

1 /2 

of Theorem 4.I and 4-3 hold with these constants. Shrink eq so that csq < S 
and ceq'^ < C. Define the map 

: M°{x-,x+; V) ^ M%x-,x+; V) 

by 

r^u):^{u',v^), ,/:=cxp„(0, ^/ + r;), 

where the pair {^,r]) G im(I?^)* is chosen such that (19) and (20) are satisfied 
and {exp^{^),^{u,^){dtu + rf)) e M.^{x~ ,x'^;V). Such a pair {£,,rj) exists, by 
Theorem 4-1, and is unique, by Theorem 4-3. The map is shift equivariant. 

The proof of Theorem 4.1 is based on the Newton-Picard iteration method 
to detect a zero of a map near an approximate zero. The first step is to define a 
suitable map between Banach spaces. In order to do so let (u, v) : K.X ^ TM 
be a smooth map and consider the map : W^'^iRx S'^,u*TM ®u*TM) 
LP(M X S^,u*TM © u*TM) given by 

j,e \ ( exp„e \ .22^ 

where 



Thus, abbreviating $ := $(u, ^), we have 

(i\ ._ (^-' ids cxp„(0 - ^tmv + rj)) - grad V(exp„(0)) 



7^) • V (V«($(^^ + Tl)) + e-^dt exp„(0) - e-^{v + rj) 

Moreover, the differential of .F^ „ at the origin is given by dF^„(0, 0) = 'D^ „ 
(see [23, Appendix A. 3]). 

One of the key ingredients in the iteration is to have control over the variation 
of derivatives. This is provided by the following quadratic estimates. 
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Proposition 4.5. There exists a constant 5 > Q with the following significance. 
For every p > 1 and every cq > there is a constant c > such that the following 
is true. Let {u, v) -.RxS^^ TM be a smooth map and Z = {X, Y),( = rj) e 
f2°(M X S'^, u*TM ® u*TM) be two pairs of vector fields along u such that 



||9sW||oo + ll^twlloo + ll^^lloo < Co, IICIIoo + ll^lloo ||??||cx> + II^^Hoo < Cq. 



Then the vector fields Fi , F2 along u, defined by 



\\F,\\, < c||^||oo(||€l|p + Wnh + \m\p + llv.€||p||€||oo) 

+ c(|| V,X||, + II V«X||p) ml + c|| V*X||,||aoo||»?||oo 

+ c||X||oo(||V«^||p||a|oo + ||V,apll'?IU), 

\\F2\\p < C||e||oo(£-'||ellp + WvWp + \m\\p + S-^mipUWoo) 

+ c{\\\/sX\\p + e-^\/tXl,) UWl + c\\V,Xl,U\\oo\\v\\ 
+ c||X|u(£-^||V*C||,||C||oo + ||V«C||,||ry||oo). 



Proposition 4.6. There exists a constant S > with the following significance. 

For every p > 1 and every Cq > there is a constant c > such that the following 
is true. Let (u, v) -.IKxS^^ TM be a smooth map and Z = {X, Y),(^ = rj) € 
f2°(M X S^, u*TM ® u*TM) be two pairs of vector fields along u such that 



||9sW||oo + ||<9fM||oo + ||w||oo < Co, \\X\\ao<5, ||>^||oo<Co. 



Then the vector fields Fi , F2 along u, defined by 



\\f4p < c|iaoo(||x||p + IIi^IIp + \Hx\\p + ||v«x||^||x||oo) 

+ c||x|u(||,7llp + m\\p + l|V«^||p||X|U + ||V*X||p||,?|u), 

m\p < cU\\^[e-^X\\, + e-^VtXUX\\^ + \\Y\\p + ||V,X||p) 

+ c\\X\\^(e-^\\WMX\\^ + + m\\p + ||V.X||p||,y|u). 




satisfy the inequalities 




satisfy the inequalities 
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For the proof of Propositions 4.5 and 4.6 wc refer to [23, Chapter 5]. To 
understand the estimate of Proposition 4.6 note that tj and Y appear only as 
zeroth order terms, that Vg^ and appear only in cubic terms in Fi, and 
that Vt^ and VtX appear only in cubic terms in i^2- This follows from the fact 
that the first component of JF^ is linear in dgU and the second component is 
linear in dtu. In Proposition 4.5 we have included cubic terms that arise when 
the derivative hits X. In this case wc must use the L°° norms on the factors 
^ and T] and can profit from the fact that V^X and VtX will be small in L^. 
The constant S appears as a condition for the pointwise quadratic estimates in 
suitable coordinate charts on M. 

We now reformulate the quadratic estimates in terms of the norm (16). 

Corollary 4.7. There exists a constant S > with the following significance. 
For every p > 1 and every cq > there is a constant c > such that the 
following holds. If {u,v), Z = {X,Y) and ( = (^,r/) satisfy the hypotheses of 

Proposition 4-5 then 

WKviZ + C) - KviZ) - JZ)C||3_^_^3/. 

< ciiiciii. {e-'^' m\oo+^-' iieiiL) +ce-'-'/'"iii^iuiiciii.(ii^iL +^'/' ii^iioo)- 

If {u,v), Z = {X,Y) and C, = (^,77) satisfy the hypotheses of Proposition 4-6 
then 

\\dJ^UZ)C - dJ^^^MCl,^,,.;. < c {e-'/'-'/'^\Z\l + e-'-y'q\Z\\\l) \\\C\l. 

Proof. The result follows from Propositions 4.6 and 4.5 via term by term in- 
spection. In particular, we must use the inequalities 

ll^lloo + £ ML < ce-'/' IICIIi,,,e > ll^lloo < e-'/'mZ\l 

at various places. The first follows from Lemma 3.5 with (/3i,/32) = (1)2) and 
the second from the definition of the norm in (16). □ 

Proof of Theorem 4-1- Given u G M°{x~ ,x'^;V) with x^ G V°'{V) we aim to 
detect an element of ^A^{x~,x~^■, V) near u. We set v := dtu and carry out the 
Newton-Picard iteration method for the map := ^ Key ingredients 
are a small initial value, a uniformly bounded right inverse and control over the 
variation of derivatives (which is provided by the quadratic estimates above). 
Because S\> is Morse-Smale, the sets 7'"(V) and Al°(a;^, a:;+; V)/M are finite 
(the latter in addition relies on the assumption of index difference one). All 
constants appearing below turn out to be invariant under s-shifts of u. Hence 
they can be chosen to depend on a only. 

Since u € A^°(a;~,x+; V) it follows from Theorems A.l and A. 2 that there 
is a constant cq > such that 

\\dsu\\^ + \\dtu\\^ + \\ytdtu\\^<c^ (24) 
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and 

\\\7id,u\\^ + \\Vtdsu\\^ + \\y,y,dsu\\p < Co. (25) 

Thus the assumptions in Theorem 3.2, Theorem 3.3, Proposition 4.5, Proposi- 
tion 4.6 and Lemma 3.5 are satisfied. Moreover, by (25) the value of the initial 
point Zo := is indeed small with respect to the (0,p, e)-norm: 

\\Km\o,p,e^\\^%^,dtu)\\,^p,e = 

Here wc used in addition (22), (23) and the parabolic equations. Define the 
initial correction term = (Co,?7o) by 

co:=-i?r(2'S2'r)-'^«(o). 

Recursively, for i/ e N, define the sequence of correction terms Ci/ = {^v^Vv) by 
C:=-Vl*{VlVl*r'KiZ.), Z, = {X^,Y^):=^Ce. (27) 

We prove by induction that there is a constant c > such that 

IIICIII. < \\KiZ.+i)\\o,,,eV2 < Y^e'l^-^I^K {H^) 

Initial Step: i/ = 0. By definition of Co we have 

= -^^(0) = (-v!a..) • 

Thus, by Theorem 3.3 (with constant ci > 0), 

II^oIIp + e^'^hoWp + s'^^llVt^ollp < Cl (£||(0, V,atW)||o,p,e + \\-Ke% VsdtU)\\p) 

< Cl (£^||V,atM||p + £^||VtV^5tU||p) 

Here the second inequality follows from Lemma D.3 and the last from (25). By 
Theorem 3.2 (with constant C2 > 0), 

llVtCo - ??o||p + £||Vtr?o||p + £||VsCo||p + e^||Vsr?o||p 

< C2£ (||(0, V.5tu)||o,p,, + 11^0 Hp + £'||r?o||p) 

< C2£ (£||Vsat«||p + CoCi£^) 

< CoC2(l + C1S)S^. 

The last inequality follows again from (25). Combining these two estimates 
with (18) we obtain 

IIColL + < IIIColll, < ce'. (28) 





Vsdtu 



< Cos. 



(26) 
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with a suitable constant c > (depending only on co,ci,C2 and the constant 
of Lemma 3.5). This proves the first estimate in (-ff;/) for 1^ = 0. To prove the 
second estimate we observe that Zi = and hence, by Proposition 4.5 (with 
constant C3 > 0), 

l|-^«(-^l)llo,p,<r-V2 

= \\K{Co)-Kio)-KCo\\o,p,em 

< C3||Co||oo(||Co||p + ll%llp + l|VtCo||p + IIVs^oIIpII^oIU) 

+ C3e^/^||^o||cx,(£"^||^o||p + ||?7o||p + IIVs^oIIp + e"^||VtCo||p||^o||oo) 

with a suitable constant c > (depending only on cq, Ci, C2 and the constant of 
Lemma 3.5). Thus we have proved (H^) for i/ = 0. From now on we fix the 
constant c for which the estimate (Hq) has been established. 

Induction step: v — 1 =^ i/. Let v > 1 and assume that (Hq), ■ ■ ■ , {H^-i) 
are true. Then 



t=0 



< --7/2-3/2p_ 



By (27) we have 

VIC. = -J^^{Z,), c^^MKT- 
Hence, by Corollary 3.4, (with constant C4 > 0), 

ilCil, < C4 r^(^.)||o,p,.3/. < ^ey^-'/'^ < (29) 

The last inequality holds whenever 046 ' 

-3/2p < ;^/2. 

By what wc have just proved the vector fields and Ci/ satisfy the require- 
ments of Corollary 4.7 (with the constant C5 > 0). Hence 

ll^«(^.+l)llo,p,e3/2 < m{Z. + C.) - -^^l^.) - rf^^(^.)C.|lo,p,e3/. 

+ ||d.F^(Z,)C.-I?:C.|lo,p,e3/2 

+ C5S-V2-3/2p|||^^|||j||^^|||^ + c,e-^-y^^\Z.t\KAl 

<^IIIC.|||. 

< _£.£7/2-3/2p 

- 2"^ 
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In the third step we have used the inequahties 
and 

as well as |||^|||,^ < 2ce^. The fourth stop holds for e sufficiently small, and the 
last step follows from (29). This completes the induction and proves {H^) for 
every v. 

It follows from [H^) that Z^, is a Cauchy sequence with respect to ||| • |||^. 
Denote its limit by 

oo 

C := lim Zi, = y^^Cv 
By construction and by {H^,), the limit satisfies 

lllcllL<2ce^ ^^(0=0, ceim(p:r. 

Hence, by (22), the pair 

{u^,v') := {expu{^),^{u,^){dtu + ri)) 

is a solution of (7). Since HCilg is finite it follows that (9su'^, VjW^) is boimded. 
Hence, by the standard elliptic bootstrapping arguments for pseudoholomorphic 
curves, the shifted functions u^(s + •,•), t;^(s + •, •) converge in the C°° topology 
on every compact set as s tends to ±00. Since C, E W^'^, the limits must be 
the periodic orbits and, moreover, the pair {dsU^{s,t),VsV^{s,t)) converges 
to zero, uniformly in t, as s tends to ±00. Hence {u^,v^) G A4^{x~ ,x~^;V). 
Evidently, each step in the iteration including the constants in the estimates is 
invariant under time shift. This proves the theorem. □ 

Proof of Theorem 4-3- Fix a constant p > 2 and an index one parabolic cylinder 
u e A4^{x~ ,x~^;V). Denote v := dtu and J^^ := ^^dtw ™ proof of 
Theorem 4.1, the map u satisfies the estimates (24) and (25). Denote by 

T%u) = (expJX), ^u,X){dtU + Y)) 

the solution of (7) constructed in Theorem 4.1. Then 

Zeim{Vir, K{Z)^Q, lll^llle<ce' 

for a suitable constant c > 0. Now suppose {u'^,v^) G {x~ , x'^ ;V) satisfies 
the hypotheses of the theorem. This means that there is a pair 

C = (C, i) G W^'P{R X S\u*TM © u*TM) 

such that 

Ceim(i?^)*, ^:(c) = o, ||^lL<&^/^ HL<c. 



18 



The difference 

C ■■={e,v') --=(-2 

satisfies ttic inequalities 

IIC'IL < + '^e'"'/'^ < 2fel/^ \W\\^ <C + ce3/2-2/p < 2C, 

provided tliat e is sufficiently small, flence, by Corollary 3.4 (witfi a constant 
ci > 0) and Corollary 4.7 (with a constant C2 > 0), we have 

|||C'llle<Cll|I?fX'|lo,p,e3/. 

< ci \\:f:{z + C) - K{Z) - rf^^(^)C'llo,p,e3/2 

+ C1 |M^^(^)C'-rf^^(0)C'llo,p,e3/^ 
<CiC2 (£-^/'||?'IL+£-MlC'llL)lllC'lll, 

+ ciC2£-i-^/^^|||z|||,(||e'IL + £^/^h'|L)|||C'|||, 

+ ciC2e-i/^-3/2^|||Z||U||C'|||, + ciC2e-i-^/2^|||Z|||^|||C'|||, 

< C1C2 (2<5 + 4*2) lie' III, + cciC2e3/2-3/2p|^25 + 2C) |||C'|||, 

+ CCiC2£3/2-3/^^|||C'|||, + c2ciC2£3-^/^^|||C'||le 

< ^IIIC'III.. 

The last inequality holds when 5 and e are sufficiently small. It follows that 
C' = and this proves the theorem. □ 



5 An apriori estimate 

Theorem 5.1. Fix a constant cq > and a perturbation V : CM M that 
satisfies {VO) and iVl). Then there is a constant C = C(co, V) > such that 
the following holds. IfO<s< 1 and {u,v) : R x 5^ — > TM is a solution of (9) 
such that 

E^{u,v)<co, supAv{u{s,-),v{s,-))<co (30) 

then ||f jjoo < C. 

For £ = \ and V(x) = Vt{x{t)) dt this result was proved by Cieliebak [1, 
Theorem 5.4]. His proof combines the 2-dimensional maximum principle and 
the Krein-Rutman theorem. Our proof is based on the following L^-estimate. 

Proposition 5.2. Fix a constant co > and a perturbation V : CM — > M that 

satisfies (VO) and (Vl). Then there is a constant c = c(co, V) > such that the 
following holds. IfO<e< 1 and {u, v) :Rx ^ TM is a solution of (7) that 
satisfies (30) then 

/■I 2 
sup / |u(s,t)| dt < c. 
seR Jo 
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Proof. Define : M ^ R by 



F{8) := / \v{s,tf dt. 
Jo 



We prove that there is a constant fj, = /i(V) > such that 

£2^7^// _p' + ij^p + l>Q_ (31) 

To see this we abbreviate 
By (9), we have 

C^v = -VtgradV(u) (32) 

and hence 

lJ-^ = \Wsv\' + \Wtv\^ + {C,v, v) 

= \^,vf + \^tvf - (VtgradV(u), 

> |v,^;|2 + |Vtt;|' - C(l + \v\ 

> + mv\^ - C{1 + \v\ + £2 |V,t;|) \v\ 
,2 , ,2 fC' , ^ , e^C^\ , ,2 1 



>y|V.< + |V.<-(- + C + ^jH 2 

> -(C + C') |«|' 



-i2\ I |2 1 



Here C is the constant in (V^l). Integrating this inequality over the interval 
< i < 1 gives (31) with /z := 2C + 20"^. It follows from (31) and Lemma B.3 
with / replaced by / + l//i and r := 1/2 that 



F{s) < F{s) + -< 16c2e''/^ / ^ {f{cj) + da 



(33) 



for every s € M. 

Next we observe that, by (30), we have 

Co > Av{u{s,-),v{s,-)) 

r-l / L.C„ iM2 



(i;(s,t),a*«(s,i)) - 1 dt - V(^s,-)) 



--£"(i;(s,t),V,?;(s,t)) ) dt-V{u{s,-)) 
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Here C is the constant in iVQ) and we have used the fact that dtu = v — e^VsV. 
This impUes 



F{s) < 4 (^co + C + e^\Vsv{s,t)\^ dt 



for every s e K. Integrating this inequahty we obtain 

rs+l 



/ Her) 

Js-l 



da < 8co + 8C + 8E%u, v) < 16co + 8C. 



Now the assertion follows from (33). □ 

Proof of Theorem 5.1. In the proof of Proposition 5.2 we have seen that there 
is a constant /U = /^(V) > such that every solution (u, v) of (7) with < £ < 1 
satisfies the inequality 

L,\vf >-fi\vf -1. (34) 

Now let (so,to) G K X S'-'^ and apply Lemma B.2 with r = 1 to the function 
u; : M X M D Pf ^ M, given by w{s,t) := \v{s + So,t + to)\'^ + l/jj.: 

\v{so,to)f <2c2e'' J J (^\v{s + So,t + to)\^ + dtds 



< 12c2e^ (- + sup / \v{s,t)f dt] . 



Hence the result follows from Proposition 5.2. □ 



6 Gradient bounds 

Theorem 6.1. Fix a constant cq > and a perturbation V : LM R that 
satisfies {VO — V3). Then there is a constant C = C(co, V) > such that the 

following holds. IfO<e< 1 and (u, v) : 'R x ^ TM is a solution of (9) that 
satisfies (30), i.e. E^{u,v) < cq and swpgQg^Av(u{s,-),v{s,-)) < cq, then 

\dMs,t)\'' + \VsV{s,t)\'' 

+ (\Vtd,uf + \Vsdsuf + \VtVsvf+e^\VsVsvf) (35) 

Js-l/2 Jo ^ ' 

for all s and t. Here Ef[u,v) denotes the energy of {u,v) over the domain 
IxS\ 

Remark 6.2. Note that (35) implies the estimate 



for every solution (u, v) :Rx S'^ ^ TM of (9) that satisfies (30). 
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The proof of Theorem 6.1 has five steps. The first step is a bubbhng ar- 
gument and estabUshes a weak form of the required estimate (with dgU 
replaced by e^dgU and VgW replaced by e^Wsv). The second step establishes an 
L^-version of the estimate for \\dsu{s, ■)\\]^2(^c^i^ + £ l|Vj?;(.s, •)!1l2(si)- The third 
step is an auxiliary result of the same type for the second derivatives. The 
fourth step establishes the L°° bound with VgW replaced by eVgU. The final step 
then proves the theorem in full. 

Lemma 6.3. Fix a constant co > and a perturbation V : CM — > M that 

satisfies [VO — V\). Then the following holds. 

(i) For every 5 > Q there is on Eq > such that every solution {u, v) •.M.xS^ 
M of (9) and (30) with < e < eo satisfies the inequality 

e^\\dsu\\^+e'\\Vsv\\^<5. (36) 

(ii) For every > there is a constant c > such that every solution {u, v) : 
R X 5^ ^ M 0/ (9) and (30) with £o<£<l satisfies 

\\dsu\\^ + \\VM\oo<c. 

Proof. We prove (i). Suppose, by contradiction, that the result is false. Then 
there is a sequence of solutions {u^,v^) : R x ^ M of (9) with £,y > 
satisfying 

E^''{u„,v,y) < Co, supAviu„{s,-),v^{s,-))<co, lim e,, = 0, 

and 

for suitable constants cq > and ^ > 0. Since {u,y,v,y) has finite energy the 
functions \dsU„{s,t)\ and \VsVi,{s,t)\ converge to zero as |s| tends to infinity. 
Hence the function \dsUv\ +£v\^sVv\ takes on its maximum at some point = 

Si/ ~\~ tti/^ l.G. 

:= sup {\dsUi,\ +e^\VsVu\) = \dsUu{su,tu)\ + £u \ysVu{su,t^)\ 

and 

sic,, > S. (37) 

Applying a time shift and using the periodicity in t we may assume without loss 
of generality that Si, = and < < 1. 
Now consider the sequence 

defined by 

u„{s,t) := Uv i — ,tvA ^ J , Vv{s,t) := SvV,, i—,tvA \ ■ 
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This sequence satisfies the partial differential equation 



dgUi, - VtVv — — iv, '^aVv + dtUu = 2 ^•^ (^^) 

where 

By definition of we have 

|asu^(0,i^)| + \VsV^{0,U)\ = 1 (39) 

and 

\dsMs,t)\ + \\7sfh.{s,t)\ < 1 

for all s and t. Since \v,y\ is uniformly bounded, by Theorem 5.1, and is 
uniformly bounded, by axiom (VO), it then follows from (38) that and Vi, 
are uniformly bounded in C^. Moreover, it follows from {VI) that 

|Vt^^(s,t)| < -^(l + \dtu^{s/c^,U + t/e^c^)\) = C ( — + |(9tu^(s, f)| ) 

and 

C 

|Vs^^(s,i)| < — \dsU^{slcv,ti, +t/s,,c^)\ = C\dsU„{s,t)\ . 

Since the sequence l/ej;c^ is bounded, by (37), it now follows from (38) that 
dgUi, — and VsUi/ + dtUy are uniformly bounded in C^, and hence in W^'^ 
for any p > 2 and on any compact subset of M^. Since Uv and Vv are uniformly 
bounded in C^, this implies that they are also uniformly bounded in W^'P over 
every compact subset of M^, by the standard elliptic bootstrapping techniques 
for J-holomorphic curves (see [14, Appendix B]). Hence, by the Arzela-Ascoli 
theorem, there is a subsequence that converges in the topology to a solution 
(u, v) of the partial differential equation 

dgU — Vt{5 = 0, Vgii + dtu = Xv, 

where A = limj^^oo ^/slc^. Since Vi, is uniformly bounded and Si, ^ wc have 
i; = and so u is constant. On the other hand it follows from (39) that {u,v) 
is nonconstant; contradiction. This proves (i). 

The proof of (ii) is almost word by word the same, except that s^, no longer 
converges to zero while c,^ still diverges to infinity. So the limit w = {u, v) : 
C TM = r*M is a J-holomorphic curve with finite energy and, by removal 
of singularities, extends to a nonconstant J-holomorphic sphere w : 5^ — > T*M, 
which cannot exist since the symplectic form on T*M is exact. □ 

The second step in the proof of Theorem 6.1 is to prove an integrated version 
of the estimate with \/sV replaced by eVsV. 
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Lemma 6.4. Fix a constant cq > and a perturbation V : CM M that 
satisfies {VO — VT). Then there is a constant C = C(co, V) > such that the 
following holds. IfO<s< 1 and {u, : R x 5^ — > TM is a solution of (9) that 
satisfies (30) then, for every s e ffi, 



/' 

Jo 



(\dsu{s,t)\' +e''\Vev{s,t)\'^dt 

Js-l/A Jo ^ ' 
< Ci;f,_i/2,.+ l/2] 

Corollary 6.5. Fix a constant cq > and a perturbation V : CM R that 
satisfies {VO — V2). Then there is a constant C = C{co,V) > such that the 
following holds. IfO<e<l and {u, v) iRx ^ TM is a solution of (9) that 

satisfies (30), then 



Js-l/i Jo 



for every s G 



Proof. Since S/gV = VtdsU + e^WsS/gV this estimate follows immediately from 
Lemma 6.4. □ 

Proof of Lemma 6.4. Define the functions /, : R x 5^ — > M by 

f:=l{\dM'+e'\VM') 



and 



and abbreviate 



Fis)~ [ f{s,t)dt, Gis):= [ g{s,t)dt. 
Jo Jo 

Recall the definition of := £^9g + df - ds and C^ := e^VsVg + VtV* - Vg in 
the proof of Proposition 5.2. Then 

LJ ^2g + U + e^V, U -.^ {dsU, C.dsu) , V -.^ {VsV.CeVsv). (41) 

We shall prove that U and V satisfy the pointwise inequality 

\U\ + e^\V\ < ^/ + i + \\dsu\\l,^s^^ + \\Vsdsu\\l,^s^^) (42) 

for a suitable constant /z > 0. Inserting this inequality in (41) gives 

L,f + t,f + F>g + ^{g-G). 
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Now integrate over the interval < t < 1 to obtain 



e-^F" -F' + {ij, + 1)F > G. 



With this understood the result follows from Lemmas B.3 and B.6. 
To prove (42) we observe that, by (9), 

CdsU = e'^VsVs {Vtv + grad V(u)) + VjVs {v - s'^Vsv) 



-Vs{VtV + gYa.dV{u)) 
= [V.V,, Vt] V + [Vt, V,] V - V.grad V(w) + eV,V,grad V(m) 
= 2e^R{dsU, dtu)VsV + (Va^„i?) {dsU, dtu)v - R{dsU, dtu)v 

+ s^R{%dsU, dtu)v + s^R{dsU, Vsdtu)v 

- VsgradV(w) +e^VsVsgradV(it). 



Now fix a suSiciently small constant 5 > and choose eq > such that the 
assertion of Lemma 6.3 (i) holds. Choose C > such that the assertion of 
Theorem 5.1 holds and assume < e < eq < S/C. Then, by Theorem 5.1 and 
Lemma 6.3, we have 



e'\\dsu\\^<6, e'\\Vsv\\^<S, M^<C, e\\dtu\\^< 25. (44) 



The last estimate uses the identity dtu = v — e^VsV. Now take the pointwise 
inner product of (43) with dgU and estimate the resulting seven expressions 

separately. By (44) and {VI), the terms four, five, and six are bounded by the 
right hand side of (42). For the last term we find, by (1^2), 



For the first three terms on the right in (43) we argue as follows. Differentiate 



the equation v = dtU + e^VgU covariantly with respect to s to obtain 

%v = %dtu + s'^VsVsV, dtu = v- s^VtdsU - e^VsVsV. (45) 
Now express half the first term on the right in (43) in the form 
e^{dsU, R{dsU, dtu)'Vsv) 

= e'^ (dsU, R{dsU,v)'Vtdsu) + e^(dsU, R{dsU,v)'Vs'Vsv) 
- e^{dsU, R{dsU, Vtdsu)'Vtdsu) - e'^{dsU, R{dsU, Vtdsu)'Vs'Vsv) 
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Here wc have replaced dtu and VsW by the expressions in (45). In the first two 
terms we ehminate one of the factors dgU by using the inequahty e^l^suj < S 
and in the last four terms we eliminate both factors dgU by the same inequality. 
The next two terms in our expression for U have the form 



Replace dfU by the expression in (45) and climate in each of the resulting sum- 
mands one or two of the factors e^dsU as above. This proves the required 
estimate for U and < £ < eg. 

To estimate V we observe that, by (9), 



C^VsV = VsVsie'^VsV -v) + VtVsVtv + ([V*, Vs]v) 

= -VsVtdsU + VtVsidsU - grad V(u)) - Vt{R{dsU, dtu)v) 

= —R{dsU, dtujdgU + R{dsU, 9tu)grad V('u) — Vt{R{dsU, dtu)v) 



= —2R{dsU, dtu)dsU + R{dsU, 9tu)grad V(u) 

- C^dtuR) {dsu, dtu)v - RiVtdsU, dtu)v - R{dsU, Vtdtu)v 

- VtV^gradV(u). 

The last step uses the identity = dgU — grad V(w). Now take the pointwise 

inner product with e^V^f . Then the first term has the same form as the one 
dicussed above. In the second and fourth term we estimate e\dtu\ by 25 and we 
use (FO). For the last term we find, by {V2), 



This leaves the terms three and five. In the third term we estimate £'^\dtu\'^ by 



£^{dsU, {Vd.uR) {dsU, dtu)v) - {dsU, R{dsU, dtu)v). 



- V,VtgradV(u) 



(46) 



£2 |(V«u, VtV,gradV(u))| < e''C\Vsv\ {\^tdsu\ + \dsu\ + \\dsu\\^,^^s^^ 

+ \dtu\ {\dsu\ + ||5,u||^2(si))) 

< £^C |VsU| {\VtdsU\ + \dsU\ + ||9sM||^2(51)) 




45^ and use the identity 



VsV = VsdtU + £^VsVsf 



of (45). For term five we use the identity 

Vtdtu = Vt{v — e^Vsv) = dsU — gradV(u) — £^VtVsW 



to obtain the expression 



e^(VsW, R{dsU, dgU — grad V(w) - £^VtVsu)w) 
= -e'^{VsV,R{d,u,gTa,dV{u))v) -£^{VsV,R{d,u,VtVsv)v). 
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In the last summand we use the estimate < S. This proves (42) for 

< e < £o. For eo < e < 1 the estimate (42) follows immediately from (43), 
(46), and Lemma 6.3 (ii). □ 



The third step in the proof of Theorem 6.1 is to estimate the summand 
£^ ||Vs9sw||j^2(5i) in (42) in terms of the energy. This is the content of the 
following lemma. 



Lemma 6.6. Fix a constant cq > and a perturbation V : CM R that 
satisfies (VO — V3). Then there is a constant C = C(co, V) > such that the 
following holds. If < s < 1 and {u, v) -.Rx ^ TM is a solution of (9) that 
satisfies (30) then, for every s e M, 



(47) 



< c'£;f^-i/2,s+i/2](«.^^)- 

Proof. Define /i and gi by 

2/i := + £2 I v,t;|' + \%dM^ + I V«a«w|^ + | VtV«w|' , 

2ffi := Hdsu]^ + | V,a,u|' + | VtV,«|' + | V.V,^;!^ 
+ £2 I VtVta.ul' + £4 I V.Vt9,u|' + I V, V,c»,,«f 
+ £^ \VsVsdsu\' + e" \VtVtVsv\' + | VsVtVst;|^ 

and abbreviate -Fi(s) := fi{s,t) dt and Gi{s) := gi{s,t) dt. Then 

Lefi = 2gi + U + e'V + e^Ut + e^Us + e^Vt (48) 

where U := {dsU, C^dsu) and V := {VsVjCgS/sv) as in Lemma 6.4 and 

Vt := (VtVsW,£eVtVsw). 

We shall prove the estimate 
\U\+e^\V\+e^\Ut\+e^\Us + Vt\ 

<^^h + l (51 + \\dsu\\l.^s-) + \Hdsu\\l,^s-) + l|V.V,a,u||i.(si)) (49) 
< ^lfl +Fi+gi+Gi 

for a suitable constant ^ > 0. By (48) and (49), L^fi + /ifi + Fi > gi — Gi. 
Integrating this inequality over the interval < t < 1 gives 

s^Fl' - F[ + {11+ l)Fi > 0. 
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Hence it follows from Lemma B.3 with r := 1/5 that 

Fi{s) < c J ^^^^ F,{a)da < c i^l + —j i?f,_i/2,«+i/2i(«, ^^)- 

Here c := 250c2e^'*+^^/^^, where C2 is the constant of Lemma B.3, and the second 
inequality follows from Lemma 6.4. Now use Lemma 6.4 again and the identity 
e^VsVsU = S/gV — Vgdtu to estimate the term \VsVsv\^. 

It remains to prove (49). For the terms \U\ +e^\V\ the estimate was estab- 
lished in (42). To estimate the term |?7t| write 

= VfCsdsU + £^ Vs {R{dsU, dtu)dsu)) 

+ diti)VsdsU — R{dsU, diujdgU 

= 2e^Wt {R{dsu, dtujWsv) + e^Vt ((Va,„i?) {dsU, dtu)v) 
~ Vt {R{dsu, dtu)v) (50) 
+ £2 V( {RiVsdsU, dtu)v) + e^Vt {R{dsU, Vsdtu)v) 
- VtVsgrad V(u) + E^VtV^Vsgrad V(w) 
+ e'^Vs {R{dsU, dtu)dsu)) 
+ e^R{dsU, dtu)VsdsU — R{dsU, dtu)dsU. 

The last equation follows from (43). Now take the pointwise inner product with 
e^WtdsU. We begin by explaining how to estimate the first term. We encounter 
an expression of the form e^i^tdsU, {'VdtuR){dsU, dtu)Vsv). Here we can use the 
identity 

WsV = Vsdtu + s^VsVsV 

to obtain an inequality 

\\/sv\ \Vtdsu\ < 3gi 

By (44) we can estimate the product \dsu\ \diuf by a small constant. An- 
other expression we encounter is e'^ {VtdsU, R(\7tdsU, diu)\7sv); by (44), wo have 
£* \dtu\ IWsvl < 25^ and so the expression can be estimated by a small c;onstant 
times gi. Then we encounter the expression e'^{'VtdsU, R{dsU,S7tdtu)S7sv); here 
we use the identity 

Vtdtu = Vt(ti - e'^Vsv) = dgu - grad V(m) - E^VtV^w; 

the crucial observation is that the summand dgU can be dropped when inserting 
this formula in R{dsU, Vtdtu); in the summand e*{VtdsU, R{dsU, grad V(u))Vsw) 
we use (VO) and £^ \dsu\ < S; for the summand e^{'VtdsU,R{dsU,Vt'Vsv)Vsv) 
we use £^ l^suj |V;ii| < S"^ and £ | Vt(?jjM| |VtVsw| < Cgi. The last expression 
we encounter is (VtdsU, R{dsU, dtu)\/t'Vsv); here we use \dsu\ \dtu\ < 26"^, 
by (44), and again ElVt^su] |VtVst;| < Cgi. This deals with the first term; the 
next two terms can be estimated by the same method. 
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In the fourth term we encounter the expression £''(Vt9sW, R{VtVsdsU, dtu)v); 
here we use £|9fw| < 25 and \\/tdsu\ |VtVs9sw| < Cgi. Another expression 
is e^{VtdsU, R{'VsdsU,dtu)Vtv); here we use Vtv = dgU — gradV(u) and the 
inequahties e"^ \dsu\ \dtu\ < 25"^ and e \Vidsu\ {Wgdsul < Cgi. A third expression 

is e^^C^tdsU, R{WsdsU,Wtdtu)v); here we use the formula 

(51) 

= dsU + e R{dsU,dtu)v — gYa.dV{u) + e VsgradV(M); 

so the curvature term can be estimated by 

\R{%d,u, Wtdtu)\ < C \%dsu\ (l + \d,u\ + \d,u\ \dtu\) . (52) 

This completes the discussion of the fourth term. The fifth term is similar, 
except that the cubic expression in the second derivatives vanishes. The last 

three terms can be disposed off similarly; the only new expression that appears 
is s^{\/tdsU, {\/d^uR){dsU, dtu)dsu); here we use dtU = v — e'^\/sV and the inequal- 
ities \dsu\ < 5 as well as IVtcJs'ul \dsu\ < gi + fi and |Vt9sM| \Vsv\ < 3gi. 

This leaves the terms involving gradV. For e^(Vt9sU, VtVsgrad V(u)) we 
use {V2) and for e'*(Vt9s'u, VfVgVsgrad V(m)) we use {V3). Both terms can be 
estimated by Ce(/i +51-1- 1138^11^2(51) II^s3s^'IIl2(si))- T^^^^ completes the 
estimate of \ Ut\. 

To estimate the term -|- 14| write 

- Vt {R{dsU, dtu)dsu) - R{dsU, dtujWtdsU 

= 2s^Vs {R{dsu, dtu)Vsv) + £2 V, ((Va,„i?) {d^u, dtu)v) 
-VsiRid,u,dtu)v) 

+ s^Vs {R{VsdsU, dtu)v) + s^Vs {R{dsu, Vsdtu)v) 

- VsV^grad V(u) + £^VsVsVsgradV(«) 

- Vt {R{dsU, dtu)dsu) - R{dsU, dtu)VtdsU 

(where the last equation follows from (43)) and 

= WtCeVsV + e^v, {R{dsu, dtu)Vsv)) 

+ e^R{dsU, dtu)\/,\/sV - R{dsu, dtu)VsV 
= -2Vt {RidsU, dtu)dsu) + Vt {R{dsU, dtu)gr&AV{u)) 

-Vt{{Vo,uR){dsU,dtu)v) (54) 

- Vt {R{VtdsU, dtu)v) - Vt {R{dsu, Vtdtu)v) 

- VtVtVsgradV(u) 

+ e^Vs{R{dsU,dtu)Vsv)) 

+ e^R{dsU, dtu)VsVsV - R{dsU, dtu)'VsV 
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(where the last equation follows from (46)). The terms that require special at- 
tention are those involving grad V and the cubic terms in the second derivatives. 
The cubic terms in the second derivatives are 

Vto := 2e^{VtVsV,R{VtdtU,Vtdsu)v). 

Now insert 

\/sdsU = V, (Vtw + grad V(u)) , \/tdtu = V* (w - e^\/sv) 

into Uso and Vto, respectively. Then the only difficult remaining terms are 
the ones involving again three second derivatives. After replacing VsVtV by 
VtVsV + R{dsU, dtu)v we obtain 

Usi := 2e^{VsdsU,R{VtVsV,Vsdtu)v), 
Vti := -2e^{VtVsV,R{VtVsV,Vtdsu)v). 

The sum is 

Usi + Vn = 2e^{VsdsU - VtV,«, R{VtVsV, Vsdtu)v) 

= 2s^{\/,idsu - Vtv) + R{dsu, dtu)v, i?(VtV,f , Vsdtu)v} 
= 2e*^(V«grad V(«) + R{dsU, dtu)v, R{VtVsV, Vsdtu)v) 

and can be estimated in the required fashion. 

The terms involving gradV can be estimated by 

\{VsdsU, V,V«V«grad V(m))| + \{V,d,u, V,V,grad V(u))| 
+ \mVsV, R{dsU, dtu)Vtgv&dV{u))\ + KVtV«u, VtVjV^grad V(u))| 

< \^^d^u\ (e^ \VsVsdM + | V,5,w| + \dsu\) 

+ Ce^ |V,9,u| (e^ || V,V,9,u||^2(si) + ||V,9,m||^2(si) + ||a.w||^2(si)) 
+ Ce^ \VtVsv\ (e^ | VtVt5,u| + e |Vt5,u| + \dsu\ + ||5,u||j;,2(5i)) 
+ Ce^\VtVsv\' 

< m/i + ^ (91 + l|Ss^i|lz,2(5i) + ||Vs9su||^2(si) + \\^s^sdsufj^2i^s^^ ■ 

Here the first inequality follows from {VI — 3); it also uses the identity VtdtU = 
dgU — Vggrad V(m) — e^VjVsU and the fact that \dsu\ and s \dtu\ are uniformly 
bounded (Lemma 6.3). All the other summands appearing in our expression 
for |J7s + Vt| can be estimated by the same arguments as for |t/t|. This 
implies (49) and completes the proof of Lemma 6.6. □ 

The fourth step in the proof of Theorem 6.1 is to establish the L°° estimate 
with VsV replaced by eVsV. 
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Lemma 6.7. Fix a constant cq > and a perturbation V : CM M that 
satisfies {VO — ^3). Then there is a constant C = C(co, V) > such that the 
following holds. IfO<e< 1 and {u, : M x 5^ — > TM is a solution of (9) that 
satisfies (30), i.e. E^{u,v) < cq and supg^^Av{u{s,-),v{s,-)) < cq, then 

\dsu{s,t)f + e^\Vsv{s,t)f < CEf,_i_,+i](u,t;) < Ccq (55) 
for all s and t. 

Proof. Let /, g, F, G, U, V, and fj, be as in the proof of Lemma 6.4. Choose a 
constant C > such that the assertions of Lemmas 6.4 and 6.6 hold with this 
constant. Then, by (41) and (42), we have 

Lef = 2g + U + e^V 

> -llf - CEfs_i/2,5+l/2] «) 

for all (s,t) G K X 5*^ Let sq G K and denote a := ^E^^^_^ so+i](w,i^). Then 
Ls{f + a) + ii{f + a) > for So — 1/2 < s < So + 1/2. Hence we may apply 
Lemma B.2 with r = 1/3 to the function w{s, t) := /(sq + s,to + 1) + a: 

/(so, to) < 54026"/^ / / (/(s, t) + a) dtds 

Jso-l/d-e/S Jo 

<54c2e'^/M / l-\dMs,tf + ^Ms,tf + a] dtds 

Jso-l/2 Jo ^ / 

<Mc2e^/^(El^_^^^^^^^{u,v) + a) 

= 54026"/^ (l + ^) i?f,„_i,,„+ij(n,^;). 

This proves the lemma. □ 
Proof of Theorem 6.1. Define /2 and g2 by 
2/2 := \dsuf' + |Vsu|^ , 

252 := \Vtdsu\^ + | V.a«u|^ + | VtV«u|^ + £^ | V.V^t;]^ 
and abbreviate ^2(5) := /2(s, t) dt and G2(s) := 52(5, i) <^i- Then 

Lef2 =2g2 + U + V (56) 
where f/ and V are as in Lemma 6.4. These functions satisfy the estimate 

\U\ + \V\ <iif2 + l (52 + \\dM\l^ + \\ysd.su\\l.) (57) 
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/' 

^0 



for a suitable constant /i > 0; here 11-1|^2 denotes the L^-norm over the circle at 
time s. This follows from (43) and (46) via term by term inspection. (We use 
the fact that \dsu\, s \Vsv\, and \dtu\ are uniformly bounded, by Lemma 6.7.) 
By Lemmas 6.4 and 6.6, we have 

f-i , , 

{U,V) 

/o ^ ^ ' 

for a suitable constant C and every s g M. Hence it follows from (56) and (57) 
that 

for all (s, t) G M X S*^. Fix a number sn and abbreviate a := —Ef , , n fu, v). 

\ ' / U [,5o — 1,.S0 + 11 ^ ' ' 

Then Le{f2 + a) + /Lt(/2 + a) > for so — 1/2 < s < sq + 1/2. Hence we may 
apply Lemma B.2 with r = 1/3 to the function w{s, t) := /2(so + s,to + 1) + a: 

/2(so,to)<54c2e'^/9 / / {f2{s,t)+a)dtds 

Jso-l/9-e/3 Jo 
1-80 + 1/2 /•! /I 1 \ 

<54c2e^/3/ / [-\d,u{s,tf + -\\/sv{s,t)\^ + a] dtds 

Jso-l/2 Jo \^ ^ J 

< C3(^f,„_i,,^+i](w,t;) + a) 

= (^l + ^)i?f,„_i,,„+i](«,^;). 

Here the third inequality, with a suitable constant C3, follows from Corollary 6.5. 
This proves the pointwise estimate. 

To prove the X^-estimate integrate (56) and (57) over < f < 1 to obtain 

e^Ff,' -Ff, + {fi+l)F2>G2 

for every s € M. Hence, by Lemma B.6 with suitable choices of R and r, we 
have 

f.1/2 j-3/4 



/ G2{s)ds <Ci I F2{s)ds 
J-1/2 J-3/4 



i: 



1/2 j-3/4 

for every s G M and a constant C4 > that depends only on R, r, and fx. Now 
it follows from Corollary 6.5 that 

r3/4 

^2(5) ds < C5i;f,_i_,+i](M,t;) 

-3/4 

for every s > and some constant C5 = 05(00, V) > 0. Hence 

/■V2 /•! . s 

/ / (|Vt9,u|' + |VtV,z;|'+£2|V,V,z;|'j dMs<2c4C5£f,_i_,+i](M,i;). 

The estimate for WsdgU now follows from the identity 

VgdsU = VsVt?; + Vsgrad V(u) = VtVsV + R{dsU, dtu)v + V^grad V(u). 
This proves Theorem 6.1. □ 
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7 Estimates of the second derivatives 

Theorem 7.1. Fix a constant Co > and a perturbation V : CM M that 
satisfies (VO — V"4). Then there is a, constant C = C(co, V) > such that the 
following holds. IfO<e< 1 and {u, w) : M x S*^ — > TM is a solution of (9) that 
satisfies (30) then 

||Vt9sW||j;,p([_2.2.]x5i) + ll^s^s^lli:,p([-T,T]xSi) 

+ \\^t^sV\\i,pf^_j.^T]xS^) + ll^sVsW||j^p([_y yjxgi) ^58) 



for T > 1 and 2 < p < oo. 

For p = 2 the estimate, with VsVgi' replaced by eVsV^i', was established 
in Theorem 6.1. The strategy is to prove the estimate for p = oo and, as a 
byproduct, to get rid of the factor e for p = 2 (see Corollary 7.3 below). The 
result for general p then follows by interpolation. 

Lemma 7.2. Fix a constant cq > and a perturbation V : CM R that 
satisfies (FO — V2). Then there is a constant C = C(co, V) > such that the 
following holds. IfO<e< 1 and {u, v) -.Rx ^ TM is a solution of (9) that 

satisfies (30), then 



f 

Jo 



[\Vtdsu{s,t)f + \Vsdsu{s,t)f + \VtVsv{s,t)f + s'' \VsVsv{s,t)\''^ dt 

/■s+1/4 ^1 

+ / / I VtVtas«|' + |VtVsas«|' + \VsVsdsu\^ 

Js-l/4 Jo ^ ' 
/■s+1/4 ^1 

+ / / (|VtVtVsf|Ve2|v^v^v^^|2^^4|y^y^y^^|2\ 

is-l/4 Jo ^ ^ 

< ci;f,_i/2^s+i/2]Kf^) 

for every s e M. 

Corollary 7.3. Fix a constant cq > and a perturbation V : CM R that 
satisfies {VO — V3). Then there is a constant C = C{co,V) > such that the 
following holds. IfO<e< 1 and {u, v) -.Rx ^ TM is a solution of (9) that 
satisfies (30), then 

r' I |VsVs^;|'<Ci;f,_i/2,s+i/2]K«) 

Js—XjA Jo 

for every s G R. 
Proof. Since 

VsVs^; = Vs Vs9tM + Vs VsVs?; = R(dsU, dtu)d,u + ViVs^sU + e^VsVsVsW 
this estimate follows immediately from Lemma 7.2. □ 
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Proof of Lemma 7.2. Define /s and 53 by 

2/3 := \dsu\^ + \%vf + I VAu|^ + \%dM^ + \Vt%v\^ + \%%vf 

and 

+ |VtVAu|' + £2 1 v.Vt5,u|' + |VtV,a,M|' + £2 1 v,v,a,M|' 

+ |VtVtV,t;|^ + £2 |VsVtV,t;|^ + e'^ |VtV«V,t;|^ + £^ |V«V,V,t;|^ 
and abbreviate 

^3(s):= / f3{s,t)dt, Gs{s):= [ gi{s,t)dt. 
Jo Jo 

Then 

Lefa = 2g3 + U + V + Ut + U, + Vt+ s^V, (59) 

where U, V, Uf, Ug, Vt, and Vg are as in Lemma 6.6. These functions satisfy 

the estimate 

\U\ + \V\ + \Ut\ + \Us + Vt\+s^\Vs\ 

< M/3 + ^ (gs + \\dsu\\l. + \\Wgd,u\\% + WW.VsdsuWl,) (60) 

<M/3 + i='3 + ^(53 + ^3) 

for a suitable constant /x > 0; here ||- 11^,2 denotes the L^-norm over the circle at 
time ,s. For U and V this follows from (60) in the proof of Theorem 6.1. For Ut 
this follows from (50) and for Us + V-t from (53) and (54) by the same arguments 
as in the proof of Lemma 6.6. The improved estimate (60) follows by combining 
these arguments with Theorem 6.1. For Vg we use the formula 

CVsVsV = VsC.VsV + [VtVt, Vs]VsV 

- Vt {R{dsu, dtu)Vsv)) ~ R{dsu, dtu)VtVsV 

= -2Ws {R{dsu,dtu)dsu) + Ws iR{dsU,dtu)gi&dV{u)) 
-VsiiVa,uR)idsU.dtu)v) ^ ' 

- V, (i?(Vt6i,«, dtu)v) - (Ridsu, ytdtu)v) 

- VsVtVggradV(u) 

- Vt {R{dsu, dtu)Wsv)) - R{dsu, dtu)WtVsV. 

(The last equation uses (46).) The desired estimate now follows from a term 
by term inspection; since all the first derivatives are uniformly bounded, by 
Theorem 6.1, we only need to examine the second and third derivatives; in 
particular, the cubic term £^( Wu, i?(V9sU, VtC^tu)?;) can be estimated by 
Ce^ |Vs Vu| I V9su| (see (52) in the proof of Lemma 6.6). 
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It follows from (59) and (60) that 

LJs + m/s + i=3 > 53 + ^ (53 - Gs). 
Integrating this inequality over the interval < t < 1 gives 

e^P;,' -F^ + ifi + 1)F3 > Ga- 
By Theorem 6.1 and Corollary 6.5 we have 

rs+l/i 

/ ^3(5) ds < CEf^_y^ y^^{u,v) 

Js-1/4 

for a suitable constant C = C(co,V) > 0. Hence the estimate for the second 
derivatives follows from Lemma B.3 with r := 1/5. The estimate for the third 
derivatives follows from Lemma B.6. □ 

Lemma 7.4. Fix a constant Co > and a perturbation V : CM M that 
satisfies (VO — Vi). Then there is a constant c = c(co, V) > such that the 
following holds. IfO<e< 1 and {u, v) -.M-X ^ TM is a solution of (9) that 
satisfies (30), then 

\Wtdtu\\j^oo + e II V59tw||j;,oo + \^s(isu\j^oo 
+ e llVtVtvll^oo + II VtV^ull^oo + £^ II V^V,t;||^oc < c. 
Proof. For every solution [u, v) of (9) define 

u{s, t) := u{es, t), v{s, t) := ev{es, t). 

Then 

V 

dgU — Vtv = sgTa,dV{u), VsV + dtU=-. (62) 

By Theorem 6.1, Lemma 7.2, and {VO — V3), the function w := {u,v) and the 
vector field 

C{s,t) :={eV{u{es,-)m,v{es,t)) 

along w are both uniformly bounded in W^'^ (under the assumption (30)); here 
we use the identities 

VtdfU = dgU — grad V('u) — e^VtVsV, 
VtVtdtU = VtdsU - Vtgrad V(u) - e^VtVtV.i;, 

VtVtV = VsV - s'^VsVsV - Vtgrad V(u), 
VtVtVtV = VtVsV - e^VtVsVsV - VtVtgrad V(u). 

It follows that w and ( are both uniformly bounded in W^'^ for any p > 2. 
Since 

dgW + J{w)dtw = C 

it follows from [14, Proposition B.4.9] that u and v are uniformly bounded in 
W^'P and hence in C^. This proves the lemma. □ 



35 



Lemma 7.5. Fix a constant cq > and a perturbation V : CM M that 
satisfies {VO — VA). Then there is a constant C = C(co, V) > such that the 
following holds. IfO<s< 1 and {u, : R x 5^ — > TM is a solution of (9) that 
satisfies (30), then 



\VsVsdsu{s,t)\^ dt < CEf 



s-l/2,s+l/2] 



{u,v) 



for every s G M. 

Proof. Define /4 and 34 by 

2/4 := \dsuf + \Vsvf + \Vtdsuf + \VtVtdsuf , 

and abbreviate -^4(5) := f^is, t) dt and G4(s) := 54(3, t) dt. Then 

L,/4 = 2gi + U + V + Ut + Utu (63) 

where U, V, Ut are as in Lemma 6.6 and Utt ■= (S/t^tdsU, CeS/t^tdsu) . We shall 
prove that there is a constant /x > such that 

+ \V\ + \Ut\ + \Uu\ < /x/4 + ^ (54 + \\dsu\\l.^s^^ + \\VsdM\l^is-)) (64) 
It follows from (63) and (64) that 

Lefi + M/4 + ^4 > 54 + ^ (54 -Gi). 
Integrating this inequality over the interval Q <t <1 gives 

e'^F'i - + (/X + 1)^4 > 0. 
By Theorem 6.1 and Lemma 7.2, we have 

s+l/4 



J s — 1/4 



for a suitable constant c = c(co, V). Hence, by Lemma B.3 with r = 1/5, there 
is a constant C = C(co,V) such that F4,{s) < C'i?^^_^^2 s+1/2] (^' ^) every 
s e M; this gives 

/ \VtVtdMs,t)f dt < C£f,_i/2_,+i/2j(w,?;). 

J 

Now use (43) and 

to get the required estimate for |VsVs9su|. 
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For U and V the estimate (64) was established in the proof of Theorem 6.1; 
for Ut it follows from (50) via the arguments used in the proof of Lemma 6.6. 
For Utt we use the identity 

= VtCedsU + e^V, {R{d,u, dtu)Vtdsu)) 
+ e'^R{dsU, dtu)'VsVtdsU - R{dsU, dtu)'VtdsU 

= 2e^VtVt {R{dsU, dtu)Vsv) + e^VtVt {{Va^uR) {dsU, dtu)v) 
-VtVt{R{d,u,dtu)v) 

+ e^VtVt {R{VsdsU, dtu)v) + e^VtVt {R{dsU, Vtdsu)v) (65) 

- VtVtV.grad V(m) + e^VtVtVsV^grad V(w) 

+ e^VtysiRidsU,dtu)dsu)) 

+ e'^Vt {Ridsu, dtu)yAu) - V* (it!(5,u, dtu)d,u) 

+ e^Ws (RidsU, dtu)Vtd,u)) 

+ e'^R{dsU, dtu)'Vs'VtdsU - R{dsU, dtu)VtdsU. 

Here the last equation follows from (50). To establish (64) we now use the 
pointwise estimates on the first derivatives in Theorem 6.1 and the pointwise 
estimates on the second derivatives in Lemma 7.4. The term by term analy- 
sis shows that all the second, third, and fourth order factors appear with the 
appropriate powers of e. This proves (64) and the lemma. □ 

Proof of Theorem 7.1. For p = 2 the estimate (58) follows from Theorem 6.1 
and Corollary 7.3. To prove it for p = oo define f^ and by 

2/5 := \dsuf + \%vf + md.ui' + l^dsuf + m^svf + |V«V«t;|' 

and 

253 := Hdsuf + Wsdsuf + |VtV,w|' + |V,V,z;|' 

Then 

LJ5 = 2g5 + U + V + Ut + Us + Vt + Vs (66) 

where U, V, Ut, Ug, Vt, and Vg are as in Lemma 6.6. These functions satisfy 
the estimate 

\U\ + \V\ + \Ut\ + \Us + Vt\ + \Vs\ ^^^^ 

< +95 + \\dsU\\l2 + ||Vs9sU||^2 + £'^ II VsVs5sU||^2 

for all (s, t) eRx S'^ and a suitable constant ^ > 0. To see this one argues as 
in the proof of Lemma 7.2 and notices that the factor in front of 1 14 1 is no 
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longer needed. (It can now be dropped since, by Corollary 7.3, the L^-norm of 
/5 is controlled by the energy.) 
By (66) and (67), we have 

Lefb + Hh>- |19,sM||^2(si) - \\^sdsU\\\2(^s^) - S'^ II VsVs9sZt|i^2(5i) 
> -CEfs-l/2,s + l/2]iu,v) 

for every s e M and suitable positive constants fj, and C. Here the last inequality 
follows from Lemmas 7.2 and 7.5. Let sq € M and denote 

C 

« — -^N-i,ao+i]("'^)- 

Then 

Leif5 + a) + n{f5 + a) > 

for So — 1/2 < s < So + 1/2. Hence we may apply Lemma B.2 with r = 1/3 to 
the function w{s, t) := /^{so + s,to + t) + a: 

f-sa+s/3 /•! 

f5{so,to) < 54c2e'^/9 / / (/5(s, t) + a) dtds 

7so-l/9-e/3 ^0 
/■so+1/2 fl 

< 54026"/^ / / (/5(s) + a) dtds 

iso-1/2 Jo 

< C3(£;f^j,_i_,„+i](u,w) + a) 

Here the third inequality, with a suitable constant C3 = 03(00, V) > 0, follows 
from Theorem 6.1 and Corollaries 6.5 and 7.3. This proves (58) for p = 00. To 
prove the result for general p we apply the interpolation inequality 

iieik. < ml-J^i& 

to the terms on the left hand side of the estimate and use the results for p = 2 
and p = 00. This proves the theorem. □ 



8 Uniform exponential decay 

Theorem 8.1. Fix a perturbation V : CM — > M that satisfies {VO — V3). 

Suppose Sy is Morse and, let a W be a regular value of 5v • Then there exist 
positive constants 6,c,p such that the following holds. If x^ G 7-"'(V), < £ < 1, 
To > 0, and {u,v) G A4^{x~ ,x'^;V) satisfies 

^^R\[-To,To](«.^) < (68) 

then 

for every T > To + 1 . 
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Corollary 8.2. Fix a perturbation V : CM R that satisfies {VQ - Vi). Sup- 
pose <Sv is Morse and let G 'P(V). Then there exist positive constants 5,c,p 
such that the following holds. If < e < 1, Tq > 0, and {u,v) G A4^{x~ ,x~^;V) 
satisfies (68) then 

\dsu{s,t)\' + \Vsv{s,t)\' < ce-^l^l^^i.r^.ToiK^^) (69) 
for every \s\ > Tq + 2. 

Proof. Theorem 6.1 and Theorem 8.1. □ 

The proof of Theorem 8.1 is based on the following two lemmas. 

Lemma 8.3 (The Hessian). Fix a perturbation V : CM K that satis- 
fies {VQ — V2). Suppose is Morse and fix a G R. Then there are pos- 
itive constants 6o and c such that the following is true. If xo G ^"(V) and 
{x,y) G C°°{S^,TM) satisfy 

a; = exp^^(^o), V = ^xo,^o){dtXo + Vo), Uo\\w^,2 + \\vo\\oo < ^o, 
then 

< c + Ri^, dtx)y + nv{x)£,\\^ + II - ri\\^) 

for all ^,riG n"{S^,x*TM). 

Proof. The operator 

A'ix, y)(e, V) ■■= (-VtT? - dtx)y - Hv(x)e, Vt^ ~ r,) 

on L'^{S^,x*TM(Bx*TM) with dense domain W^''^{S\ x*TM ® x*TM) is self- 
adjoint if y = dtx. In the case {x,y) = {xo,dtXo) it is bijective, because Sy is 
Morse. Hence the result is a consequence of the open mapping theorem. Since 
bijectivity is preserved under small perturbations (with respect to the operator 
norm), the result for general pairs (a;, y) follows from continuous dependence of 
the operator family on the pair {x,y) with respect to the VF'^'^-topology on x 
and the L°°-topology on y. The set P''(V) is finite, because Sy is Morse (see 
[24]). Hence we may choose the same constants and c for all xo G ■P"(V). □ 

Lemma 8.4. Fix a perturbation V : CM — > M that satisfies (VO). Suppose Sy 

is Morse and let a G R be a regular value of Sy. Then, for every 5q > 0, there 
is a constant Si > such that the following is true. If {x, y) : ^ TM is a 
smooth loop such that 

Av{x,gy) < a, ||Vtt/ + grad V(a;)||^ + \\dtx - y\\^ < 5i, 

then there is a periodic orbit xq G ^"(V) and a pair of vector fields ^o^Vo € 
QP{S^,xq*TM) such that 

X = exp^^,(Co), y = ^{xo,^o){dtXo + Vo), 

and 

II6IL + llVt^olloo + Iholloo + l|Vt%IL < '^0. 
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Proof. First note that 




/ \y{tf =Av{x,gy) + V{x)- {y{t),x{t) - y{t)) dt 



Jo Jo 



<a + C+ [' (\ \y{t)f + \x{t) - y{t)A dt 



Jo \ 



where C is the constant in (V^O). Hence, assuming (5i < 1, we have 



||y||^<4(a + C + l). 



Now 



^ = |2(y,Vty + gradV(a;)) -2(?/,gradV(a;)) 

<2{S, + C)\y\<{C + lf + \y\\ 



Integrate this inequaUty to obtain 



\yiti)\'-\yito)\'<{C + if + \\y\ 



for to,ti € [0, 1]. Integrating again over the interval < to < 1 gives 



y\\oo<\/iC+lf + 2\\y\\l<c 



(70) 



where := {C + if + 8 {a + C + 1). 

Now suppose that the assertion is wrong. Then there is a > and a 
sequence of smooth loops {xv,yv) ■ TM satisfying 



but not the conclusion of the lemma for the given constant So- By (70), we 
have supj, WyvWoo < °°- Hence sup,, < oo and also sup,, ||Vt?y,y||^ < oo. 

Hence, by the Arzela-Ascoli theorem, there exists a subsequence, still denoted 
by {xi,, yv), that converges in the C°-topology. Our assumptions guarantee that 
this subsequence actually converges in the C-'^-topology. Let (xq, yo) : S"^ TM 
be the limit. Then dtXo = yo and Vtyo + gradV(a;o) = 0. Hence xq S 7^"(V) 
and {xv,yv) converges to {xo,dtXo) in the -topology. This contradicts our 
assumption on the sequence {xv, yv) and hence proves the lemma. □ 

Proof of Theorem 8.1. To begin with note that S\;{x) > —Co for every x G 
■P(V), where Co is the constant in (V^O). Hence, with cq :— a + Co, we have 



Let C > be the constant of Theorem 6.1 with this choice of cq. Let Sq and c be 
the constants of Lemma 8.3 and i5i > the constant of Lemma 8.4 associated 
to a and So. Then choose S > such that \/CS < 5i. Below we will shrink the 
constants Si and S further if necessary. 



Av{xt,,gyi,) < a, 



lim (llVty. + gradV(a;,)||^ + \\dtx, - y^J = 0, 



Sv{x ) < Co, Sv{x ) - iSv(a;+) < cq. 
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In the remainder of the proof wc will sometimes use the notation Us{t) := 
u{s,t) and Vs{t) := v{s,t). Moreover, ||-|| will always denote the norm on 
and IMI the L°° norm on S^. 

Now let x"^ G V^iV), < e < 1, and To > 0, and suppose {u,v) e 
A4^ {x~ , ; V) satisfies (68). Then, by Theorem 6.1, we have 



\\dsUs\U + W'^sVslU < ^C^^^f«-i,«+i](«.^) <VC6<S^ (71) 

for |s| > To + 1. Hence, by Lemma 8.4, we know that, for every s G R with 
|s| > To + 1, there is a periodic orbit Xg G ■P"(V) such that the C^-distance 
between {ug, ««) and {xg, dtXg) is bounded by ^q. Hence we can apply Lemma 8.3 
to the pair (ug, Vs) and the vector fields {dgUs, VgVs) for \s\ > Tq + 1. Since 

VtVsU + R{dsU, dtu)v + Hv{u)dgU = WgOgU, VtdsU - V^u = -e^VsV^u, 

we obtain from Lemma 8.3 that 



< c 



(72) 



for \s\ > To + 1. 

Define the function T : R ^ [0, oo) by 

F{s) ■=\j^ (\dsu{s,tf +e'\Wsv{s,tf) dt. 
We shall prove that 

F"{8) > \f{8) (73) 

for \s\ > To + 1. The proof of (73) is based on the identity 

F"{s) = 2 ||V,a,wf + 2e2 ||V«V,t;f 

+ {dsU, VsVsgrad V(u) - Hv{u)'Vsdsu) 

+ {dsU, 3R{dsU, dtu)Vsv) + {dsU, {Vd,uR){dsU, dtu)v) (74) 
+ {dsU, R{dsU, 'Vsv)v) - £^ {dsU, R{dsU, \/sVsv)v) 
+ e^{dsU, R{VsV, v)'Vsdsu). 

Here all norms and inner products arc understood in L'^{S^, u*TM) and wc have 
dropped the subscript s for Us and Vs- The L°° norms of v and dtu = v — s^VsV 
are uniformly bounded, by Theorems 5.1 and 6.1. Hence there is a constant 
c' > such that 

F"{s) > 2 WVsdsUsf + 2e2 ||V«V«t;«||^ 



- c' \\dsUs\\^ (^\dsUs\f + \\dsUs\\ \\VsVs\\^ 

- WdsUsW^ (^WdsUsW \\WsVsV\\ + WVsVsW WVsdsUsW 
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Here the first inequaHty uses {V2). To understand the last step note that, 
by (71), we have < VCS and so the inequality follows from (72), 

provided that ^ > is sufficiently small. Now use (72) again to obtain (73). 

Thus we have proved that F"{s) > p'^F{s) for \s\ > To + 1, where p := 
c~^/^. Since F{s) does not diverge to infinity as |s| ^ oo it follows by standard 
arguments (see for example [4, 18]) that F{s) < e-P^^-'^°-'^^F{To + 1) for s > 
To + 1 and similarly for s < —To — 1. 

It remains to prove (74). By direct computation, 

F"{s) = WVsdsuf + \\VsVM\' + G{s) + H{s), 

where 
G{s) := {dsu, WsWsdsu) 

= (9,u,V,V,(Vtw + gradV(u))) 
= {dsU, [V,V,, Vt]v + V«V,grad V(m) + VtV.V.i;) 
= {dsU, [VsVs, Vt]v + VsVsgrad V(u)) - (V.^tu, VsVsv) 
= {dsU, Vs[Vs, Vt]v + [Vs, Vt]VsV + VsVsgrad V(u)) 
- (V,(w-e2V,w),V«Vsw), 
H{s) := {Vsv, V,V,V,u) 

= (V,w, VsV«w - [Vs, Vt]5,u) + (VtV«w, \/sd,u) 

= {VsV, VsVsV - [Vs,Vt]dsu) + {[Vt, Vs]v + Vs{dsU - grad V(u)), Vsdsu) . 

Here all inner products are in L^(5^, u*TM); in each formula the fourth step 
uses integration by parts. The sum is 

G{s) + H{s) = WVsdsuf + II V^Vswf 

+ (a^ii, VjVjgradV(M)) - (V^grad V(u), V,9sm) 

+ {dsU, 3R{dsU, dtu)'Vsv) + {dsU, {Vd,uR){dsU, dtu)v) 

+ {dsU, R{dsU,'Vsdtu)v) 

+ {dsU, RCVsdsU, dtu)v) - {R{dsU,dtu)v,Wsdsu). 

To obtain (74) replace Vsdtu by VgV — e^VsV^t'. Moreover, by the first Bianchi 
identity, the last two terms can be expressed in the form 

{dsU,R{VsdsU,dtu)v) - {R{dsU,dtu)v,'Vsdsu) 
= {dgU, RCVgdsU, dtu)v) + {dgU, R{v, Vsdsu)dtu) 

= -{dsU, R(dtu, v)'Vsdsu) 
= {dsU, R(v - dfU, v)'Vsdsu) 
= e^{dsu, R(WsV, v)'\/sdsu) 

This proves (74) and the theorem. □ 
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9 Time shift 



The next theorem estabhshes local surjectivity for the map constructed in 
Definition 4.4. The idea is to prove that, after a suitable time shift, the pair 
C = (C; '7) with u'^ = cxp„(^) and = £,){dtu + rj) satisfies the hypothesis 
C, e im(I?J)* of Theorem 4.3. The neighbourhood, in which the next theorem 
establishes surjectivity, depends on s. 

Theorem 9.1. Assume S\> is Morse Smale and fix a regular value a G of 
Sy . Fix two constants C > and p > 1. Then there are positive constants S, 
So, and c such that so < 1 and the following holds. If x"^ G ^"(V) is a pair of 
index difference one, 

u e M°{x-,x+;V), {u^,v') e M%x-,x+;V) 

with < s < So, and 

= exp„(^^), 
where gQP{Mx S^,u*TM) satisfies 

W\\^<5e"\ U%<5s"\ m%<C, (75) 

then there is a real number a such that 

iu^,vn=T^{u{a + .,.)), \<r\<c{\\ei + e'). 

Proof It suffices to prove the result for a fixed pair G 'P°'{V) of index differ- 
ence one and a fixed parabolic cylinder u S M^{x~ ,x~^;V). (The assumptions 
and conclusions of the theorem are invariant under simultaneous time shift of u 
and (u^,u^); up to time shift there are only finitely many index one parabolic 
cylinders with S\> < a.) Define 

c* := Sv{x-) - Sv{x+) >0. 

Let {u^, v^) e A4^{x~ ,x~^;V) with s G (0, 1]. Denote the time shift of u by 

Ua{s,t) := u{s + a,t) 

for CT e M and define ( — ({a) = (^, ij) by 

= expu, ii), = $(Wa, (^tMa + »?) • (76) 

The pair (^, 77) is well defined whenever a |19su|l^oo + HC^H^oo is smaller than the 
injectivity radius pu of M (i.e. when a and fe^/-^ are suflaciently small). We 
assume throughout that 

fcl/2 < PJL 
- 2 

and choose ctq > so that \dsu\j^^ < Pm/^- 
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By Theorem A.l and Theorem 5.1, there is a constant cq > such that, for 
every e G (0,1] and every {u'^,v'^) e M"^ {x~ , ; V) , we have 

Moo + IMoo + IKIIoo<CO. (77) 

It follows from (76) and (77) that |l'7(o')j|^ < cq for every a G [— o-g, ctq]. Choose 
(5o > so small that the assertion of the Uniqueness Theorem 4.3 holds with 
C = Co and 6 = Sq. We shall prove that for every sufficiently small £ > there 
is a C7 e [—(To, c7o] such that 

C(a)eim(PSJ*, ma)\\^<Soe'/^ ||r?(a)|U < co. (78) 

It then follows from Theorem 4.3 that {u^,v^) = T^{ua). The proof of (78) 
will take five stops and uses the following estimate. Choose q > \ such that 
l/p+ 1/q = 1. Then, by parabohc exponential decay (see Theorem A. 2), there 
is a constant ci > such that, for r = p,q, oo, 

\\dsu\\^ + \\Vtdsu\l + \\Vsdsu\\^ + ||V,Vta,wt < ci. (79) 
Step 1. For a G [— ctccto] and e > sufficiently small define 

e%a) ■.= -{zu),, 

where Q = ({a) is given by (76) and 

Ze ._ ( dsu\_ (C\ 

Then 9%a) = if and only if C e im(I?^^)*. 

For s > sufficiently small, the operator is onto, by Theorem 3.3, and, 
by assumption, it has index one (see Remark 3.1). Hence is well defined 
and belongs to the kernel of V^. It remains to prove that ^ for £ > 
sufficiently small. To see this note that dsU ^ and so the (0, 2, e)-norm of the 
pair {dgU, Vtdsu) is bounded below by a positive constant (the parabolic energy 
identity gives c* as a lower bound). On the other hand. 

Hence, by Theorem 3.3, the (0, 2, £)-norm of Q* converges to zero as £ tends to 
zero. It follows that ^ for £ > sufficiently small and this proves Step 1. 

Step 2. There are positive constants £o and ci such that 

\0^m<C2{U% + e') 
for < £ < £o and every {u^ = exp„(^'^),t;'^) G A4^{x~ ,x'^;V) satisfying (75). 
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We first prove that that there are positive constants eo and C3 such that 

\\X% + \\YX<cs (81) 

for < e < £o- For the summands dgU of and VsdfU of this follows 
from (79) with r = q. Moreover, by (80) and Theorem 3.3, we have 

liril, 11^11, < C4 (e||(0, V,V,9,«)||o,,,, + ||7r,(0, V,VAw)||,) 

<C4e''/^ie'/^ + i^g)\\WsWtdsu\\^. 

The last step uses Lemma D.3 with constant Kg > 1. This proves (81). It follows 
from (81) that 

\OHO)\<cs{u% + e'h%), (82) 
where t]^ G n°{R x S\u*TM) is defined by 

=:$(«, r)(5t«" + ??")• 
Define the linear maps Ei{x, ^) : T^M — > Tgxp^(^^-^M by the formula 

^earp,(0 =: Ei{x,^)drX + E2{x,^)Vr^ (83) 

for every smooth path x : M. M and every vector field ^ G n'^{M.,x*TM) 
along a;. Abbreviate $ := <i?(w,C^) and i?j := Ei{u,^^) for z = 1,2. Then 

r/^ = ^~^v^ — dtu 

= ^-\v' - dtu') + ^-\Eidtu + E^Vtie) - dtu 
= e^f^-^Wsv'^ + $-ii;2Vtf + ($-i£;i - t)dtu. 

By Corollary 8.2, there is a constant C5 such that £:||VsW^|jp < C5. Moreover, 
there is a constant Cg > such that ||<&~^£'i — ]l||^ < Cg ||C'^||p. Hence there is 
another constant C7 > such that 

h% <c,(e+ II + lift) < C7 (llf II, + C+l). 

Combining this with (82) proves Step 2. 
Step 3. There is a constant cg > such that 

||^(a)|U<fcV2 + c8M, ||77(a)|U<Co, 

||V,e||,<C8, \m + dsuAp<c^{\a\+5e^'^), ||^(a)||p < fc^/^ + C8|a| 
for < e < £0 and |c7| < ao. 
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For every ct e M, we have 

d {u{s + £7, t), u{s, t)) < L(7) < \a\ \\dsu\\^ , 

where j{r) := u{s + ra,t), < r < 1. Moreover, by (75), d{u{s,t),u^{s,t)) < 
(5e^/^. Hence the first estimate of Step 3 follows from the triangle inequality. 
The second estimate follows from the identity 

ri{a) = <^{u„,^{a))-^v' - dtU„ 

and (77). To prove the next two estimates we differentiate the identity 

exp„J^(c7)) = 

with respect to a and s to obtain 

Ei{u„,C)dsUa + E2{u„,i)V„^ = 0, Ei{Ua,OdsUa + E2iu^,(,)Vs^ = dsu\ 

By the energy identities the norms of dgU and dgU^ are uniformly bounded 
and hence, so is the norm of Vg^. Moreover, 

llVxC + dsuAp = II {E^^E^ - t) a,«||p < eg ||C(a)|U < Clo (|a| + 6e^'^) . 

Hence the norm of Vo-^ is uniformly bounded. Now differentiate the function 
o" l|C(o-)llp to obtain the inequality ||^(c7)||p < ||^(0)||p + cii|fT|. Then the last 

inequality in Step 3 follows from (75). 

Step 4. Shrinking ctq and eq, if necessary, we have 

^^•<^' >- 'i 

for < e < £o and \a\ < (Jq. 

We will investigate the two terms in the sum 

i0^i'^) = -iiXUi^)}-s^iiY^M'^)} (84) 

separately. The key term is {X^,V„^). We have seen that is L'^-close to 
dsUa and Vo-C is L^-close to —dgUa- We shall prove that all the other terms are 
small and hence 9^^^ is approximately equal to ||9sm||2. More precisely, for the 
first term in (84) we obtain 

= \\dsu\\l - {X'^,dsu„ + V„0 - iCdsU,) 

-{WsdsU,,0-{C,^sO 

>\\dM\l-Cl2{\\dsU„ + ^ai\\,+ \\C\\, + UK) 

> \\d,u\\l-c,3[\a\+Se'/^+s'/^). 
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Here the second step follows from integration by parts. The third step uses 
the inequalities \\X^\\g < c (see (81)), \\dsu\\p + \\Vsdsu\\g < c (see (79)), and 
||Vs^||p < c (see Step 3). The last step uses Step 3 and (9). 

To estimate the second term in (84) we differentiate the identity 

^{ua,^{(T)){dtU^ + r]{a)) = 

with respect to a to obtain 

WVsdtu, + V^riWp < ci4 {\\dsu\\^ + < cis- 

In the first inequality we have used the fact that the L°° norms of 77(17) and 
dtUa are uniformly bounded. In the second inequality we have used Step 3. 
Combining this estimate with (79) we find that the norm of Vcr?7 is uniformly 
bounded. Differentiating the same identity with respect to s we obtain 

WWsdtu, + Wsf]\\p < ci6 (||V,«^||p + \\dsu\\p + ||V,C||p) < cne-\ 

Here the last inequality follows from Step 3 and Corollary 8.2. Using (79) again, 
we obtain that the norm of eVgr] is uniformly bounded. Now 

= -e^{Y^,VsV)+e^{Y^,^aV) 

< Cl8£. 

In the last estimate we have used (81) and the uniform estimates on the 
norms of Vo-r? and eVg??. Putting things together we obtain 

^e%a)>\\dsu\\l-cis (\a\+e'/^). 

Since ||9sm||2 — c*, the assertion of Step 4 holds whenever < e < Eq, \a\ < ao, 
and Ci9 

Step 5. We prove Theorem 9.1. 

Suppose the pair (m^,w^) satisfies the requirements of the theorem with e and 5 
sufficiently small. Then, by Steps 2 and 4, there is a cr e [— f7o,cro] such that 

e'{<j) = 0, \a\ < C2o(||r lip + £'), C20 := 

Let ^ := ^(a) and rj := r?(cr). Then, by Step 3, 

m^<{S + csC2o{S + e^/'))e'/^ IHL < co- 

If (5 + csC2o{S + £3/2) < So then, by Step 1, C := {^,v) e im(D^^)*. Hence, by 
Theorem 4:.3, {u^,v^) =T%Ua). " □ 
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10 Surjectivity 



Theorem 10.1. Assume Sv is Morse-Smale and fix a constant a € M. Then 
there is a constant Eq > such that, for every e € (0, £o) and every pair £ 
V^iV) of index difference one, the map : M'^{x^ ,x^ ;V) A^^(a;~, a;"*"; V), 
constructed in Definition ^.J^, is bijective. 

Lemma 10.2. Assume Sy is Morse. Let x"^ G 'P{V) and Ui G A4^'{x~ ,x~^;V) 
where Si is a sequence of positive real numbers converging to zero. Then there is 
a pair xq, xi G 'P(V), a parabolic cylinder u G A^°(a;o, xi; V), and a subsequence, 
still denoted by {ui,Vi), such that the following holds. 

(i) {ui,Vi) converges to {u,v) strongly in and weakly in W'^'^ on every 
compact subset ofWxS^ and for every p > 1. Moreover, Vi—dfUi converges 
to zero in the norm on every compact subset ofM.xS^. 

(ii) For alls&R and T > 0, 

Sv{u{s,-)) = lim Av{u,{s,-),Vi{s,-)), 

i — *oo 

E[-T,T\{u) = lim Ef_j,j,Aui,Vi). 

Proof. By Theorems 5.1, 6.1, and 7.1 there is a constant c > such that 

ll^'^lloo + ll^t^Joo + WdsU^W^ + llVmIL + llVsi'.IL < c, (85) 

||V,5(M,||p + \\VsdsU,\\^ + ||VtV,i;,||p + ||V,V,i;.||p < c, (86) 

\Hdtu,\\^ + \\^t\/m\\^<c (87) 

for every i e N and every p e [2, oo]. In (85) the estimate for WtVi follows from 
the one for dgUi and the identity VtU, = dgUi — gradV(ui). The estimate for 
diUi follows from the ones for Vi and VgU, and the identity dtUi = Vi — efVgVi. 
In (87) the estimate for VtdtUi follows from the ones for VtVi and VtVsVi and 
the identity VtdtUi — VtVi — efViWsVi. The estimate for VfVfUi follows from the 
ones for \7tdsUi and dtUi and the identity ^t^tVi = VtdgUi — VtgradV(wi). 

By (85), (86), and (87) the sequence {ui,Vi) is bounded in and hence in 
W'^'P{[-T, T] X S^) for every T > and every p > 1. Hence, by the Arzela-AscoH 
theorem and the Banach-Alaoglu theorem, a suitable subsequence, still denoted 
by {ui, Vi), converges strongly in and weakly in W'^'^ on every compact subset 
of M X 51 to some C^-funtion {u,v) : R x ^ TM. By (85) and (86), the 
sequence 

Vi - dfUi = e^VsVi 

converges to zero in the norm. Hence v = dtu. Moreover, the sequence 

dsUi - VtdtUi - gradV(ui) = ejVtVgVi 

converges to zero in the sup- norm, by (86), so the limit u : R x ^ M 
satisfies the parabolic equation (10). By the parabolic regularity theorem A. 3, 
u is smooth and so is = dtU. This proves (i). 
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To prove (ii) note that 

(■T /•! 



E]^_T,T]{u)= / / \dsu\^ dsdt 

J-T Jo 



lim / / Id.Uif dsdt 



T Jo 
T 



= lim / / (\dsUif' + £l\VsVi\^) dsdt 

»^oo J_j. Jq 

= lim E[_T,T]{ui,Vi) 

for every T; hero the third identity foUowws from (85). Hence the limit u has 
finite energy and so belongs to the moduli space A4^{xo,Xi;V) for some pair 
xo,xi e 'P(V). To prove convergence of the symplectic action at time s note 
that 

V{u{s,-))= lim V{ui{s,-)), 

i — >oo 

because V is continuous with respect to the C° topology on CM. Moreover 

5o(u(s, •))= / \dtu{s,t)\^ dt 
Jo 

1 



= lim / {d,u,{sj),v^{s,t)) - - \vi{s,t)\ dt 

^^°°JQ \ ^ J 

= lim Ao{ui{s,-),Vi{s,-)). 

l—*OG 

Here the second equality follows from the fact that dtUi{s,-) and Vi{s,-) both 
converge to dtu{s, •) in the sup-norm. This proves the lemma. □ 

Lemma 10.3. Assume Sv is Morse. Let £ 'P(V) and Ui G Al^* (.-r^ , a;+; V) 
where Si is a sequence of positive real numbers converging to zero. Then there 
exist periodic orbits e ViV), parabolic cylinders vr e 

{x^~^ , x^ ]V) for k G {1,. . . a subsequence, still denoted by {ui,Vi), and 
sequences € M, fc G {1, . . . , i!}, such that the following holds. 

(i) For every fee {!,...,£} the sequence (s, t) 1— > (Mi(sf + s, t), Vi{sf + s, t)) 

converges to [u^^dtu^) as in Lernrna 10.2. 

(ii) s^ — s'l"^ diverges to infinity for k — 2, . . . , £ and dgU^ ^ for k = 1, . . . , £. 

(ill) For every k € {0, ...,£} and every p > there is a constant T > such 
that, for every i and every {s,t) G K x 5^, 

+T<s<s^+i-r => d{u,{s,t),x^{t)) < p. 

(Here we abbreviate s° := —00 and s^"*"^ := 00.) 
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Proof. Denote a := Sv{x~) and choose p > so small that d{x{t),x' (t)) > 2p 
for every t and any two distinct periodic orbits x,x' G V°'{V). Choose sj 
such that 

sup sup d{x^ {t),Ui{s,t)) < p, sup d{x~ {t),Ui{sl ,t)) = p. (88) 

sKs'r t t 

Passing to a subsequence we may assume, by Lemma 10.2, that the sequence 

{ui{sl + •, •), Vi{s] + •, •)) converges in the required sense to a parabolic cylinder 
■u^ e M"{x",x^;V), where x°,x^ e ^'"(V). By (88), we have x° = x' and x^ ^ 
x°. Hence dg'u}- ^ and so Sy(x^^ < Sv{x'-'). If x^ — x^ the lemma is proved. 
If x^ 7^ x+ choose T > such that d{u^ {s , t) , x^ (t)) < p for every t and every 
s >T. Passing to a subsequence, we may assume that d{ui{sl + T,t), x^{t)) < p 
for every t. Since ^ a;+ there exists a sequence sf > sj +T such that 

sup sup d{x^ {t), Ui {s, t)) < p, sup d{x^ (t), Ui{s^, t)) = p. 

sl+T<s<s^ t t 

The difference s? — s} diverges to infinity and, by Lemma 10.2, there is a further 
subsequence such that {ui{sf + ■,■), Vi{sf + ■, ■)) converges to a parabolic cylinder 
«^ G M°{x^,x^;V), where Sv{x^) < Sv{x^)- Continue by induction. The 
induction can only terminate if = a;+. It must terminate because ^"(V) is a 
finite set. This proves the lemma. □ 

Proof of Theorem, 10.1. By Theorem 4.3 the map is injective for e > suf- 
ficiently small. We will prove surjectivity by contradiction. 

Assume the result is false. Then there exist periodic orbits a;^ e T"^(y) of 
Morse index diff'erence one and sequences > and {ui,Vi) G A4^'{x~ ,x~^;V) 
such that 

limei = 0, {ui,Vi)^T''{M°{x-,x+;V)). (89) 

i — *oo 

Applying a time shift, if necessary, we assume without loss of generality that 
Av{ui{0,-),Vi{0,-)) = ^{Sv{x-)+Sv{x+)). (90) 

Fix a constant p > 2. We shall prove in two steps that, after passing to a 
subsequence if necessary, there is a sequence € A4°{x~ , a;+; V) and a constant 
C > such that 

where the sequence £,i G 0°(M x 5\ (m?)*TM) satisfies 

hm er^'\UiU + \Mp) = 0, l|Vt6L < C. (91) 

I — ^oo 

Hence it follows from Theorem 9.1 that, for i sufficiently large, there is a real 
number cTj such that (ui,Vi) = T^'{u^{ai + -,-)). This contradicts (89) and hence 
proves Theorem 10.1. 
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Step 1 . For every S > there is a constant Tq > such that 

^M\[-To,To]("''^i) <^ (92) 

for every i gN. 

Assume, by contradiction, that the statement is false. Then there is a constant 
(5 > 0, a sequence of positive real numbers Ti oo, and a subsequence, still 
denoted by {ei,Ui,Vi), such that, for every i G N, 

Vi) < Sv{x-) - Sv{x+) - 5. (93) 

Choose a further subsequence, still denoted by {ui,Vi), that converges as in 
Lemma 10.3 to a finite collection of parabolic cylinders u'' G A4'^{x'^~^ jx'^'jV), 
k = !,...,£, with X- = x°,x^,...,x'^-'^,x^ = x+ e ViV). We claim that e>2. 
Otherwise, Ui{si + ■, •) converges to u := & M^{x~ ,x'^;V) as in Lemma 10.2 
(for some sequence Si G M). By (90) and Lemma 10.2 (iv), the sequence s, must 
be bounded. By (93), this implies that 

E[-T,T]{u) = I I \dsu\^ dtds < S\;{x~) — <Sv(a;"'") — 5 

J-tJo 

for every T > 0. This contradicts the fact that u connects x~ with a;"*". Thus 
we have proved that £ > 2 as claimed. Since Sy is Morse-Smale it follows that 
the Morse index difference of x~ and x~^ is at least two. This contradicts our 

assumption and proves Step 1. 

Step 2. For i sufficiently large there is a parabolic cylinder G M!^ {x~ , x'^ ; V) 
and a vector field G x S^, {u^)*TM) such that Ui = exp^o{^i) and 

satisfies (91). 

Let (5, c and p denote the constants in Theorem 8.1 and choose Tq > 0, according 
to Step 1, such that (92) holds with this constant 5. Then, by Corollary 8.2, 

\dsUi{s,t)\' + \WsVi{s,t)\' < C3e-p\'^E^^^_^^^^^^{ui,Vi) (94) 

for \s\ > To+2 and a suitable constant C3 > 0. By Theorem 5.1 and Theorem 6.1, 
there is a constant C4 > such that 

Ikilloo + ll^^^ilL + ll^t^illoo + IIV^^ilL ^ C4 (95) 

for every i. Here we have also used the identity dtUi = Vi — e?Vsi'i. It follows 
from (94) and (95) that there is a constant C5 > C4 such that 

\dsUi{s,t)\ + \VsVi{s,t)\ < ^ 

for every (s, t) G M x S*^ and every i G N. Moreover, it follows from Theorem 7.1 
that 

\\dsUi - VtdtUi - gradV(uj)|| = £? ||VtVsWi|| < ceef. 
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for a suitable constant cc > 0. Now let Sq = (5o(p, C5) and c = c(p, C5) be the 
constants in the parabolic implicit function theorem A. 5. Then the function 
Ui satisfies the hypotheses of Theorem A. 5, whenever ceef < 6o- Hence, for i 
sufficiently large, there is a parabolic cylinder u^ € A4^{x~ ,x~^; V) and a vector 
field e n°{R X S\ {u^yTM) such that 

ll^llw^o < C7 \\dsUi - VtdtUi - gradV(ui)||p < cecye? . 
By the Sobolev embedding theorem, we have 

for large i. Moreover, by definition of the W„9-norm we have 

Ui\\p + m^\\p<2\myv^^<2cecrsl 

Hence satisfies (91). This proves Step 2 and the theorem. □ 

Corollary 10.4. Assume 5v is Morse-Smale and fix a regular value a of Sv . 
Then there is a constant £0 > such that, for every e € (0,£o], the following 
holds. 

(i) //a;^ e P°'{V) have index difference less than or equal to zero andx~^ ^ x~ 
then M'{x-,x+;V) = 0. 

(ii) If x"^ e V^CV) have index difference one then 

{x-,x+;V)/R = (a;- , x+ ; V) /M. 

(iii) If x^ e V^iy) have index difference one and {u,v) e M.^ {x~ , x^ -jV) then 

„ is surjective. 

Proof. Assertion (i) follows from Lemma 10.3. Assertion (ii) follows from Theo- 
rems 4.1 and 10.1. Assertion (iii) follows from Theorems 4.1, 3.3, and 10.1. □ 

11 Proof of the main result 

Theorem 11.1. The assertion of Theorem 1.1 holds with 'L2- coefficients. 

Proof. Let Vt be a potential such that Sy is a Morse function on the loop space 
and denote 



V(x) := / Vt{x{t))dt. 
Jo 



Fix a regular value a of Sy- Choose a sequence of perturbations Vi : CM R, 
converging to V in the C°° topology, such that <Svi : CM ^ M is Morse-Smale 
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for every i. We may assume without loss of generality that the perturbations 
agree with V near the critical points and that 'P(Vi) ='P{V) for all i. Let Si > 
be the constant of Corollary 10.4 for V = Vj. Then, by Corollary 10.4, 

#M°{x-,x+; Vi)/R = #M'' {x-,x+; Vi)/R 

for every pair x^ € ^"(V) with index difference one. Hence the Floer boundary 
operator on the chain complex 

C»(y;Z2):= Z2X, 

defined by counting modulo 2 the solutions of (9) with V — Vi and e — Si 
agrees with the Morse boundary operator defined by counting the solutions 
of (10) with V = Vj. Let us denote the resulting Floer homology groups by 
HF!J(T*Af, Vi, Si; Z2). Then, by what we have just observed, there is a natural 
isomorphism 

HF:(T*M,V„e,;Z2) ^HM:(£M,5v,;Z2) =H,({5v, < a};Z2). 

Here the last isomorphism follows from Theorem A. 7. The assertion of Theo- 
rem 1.1 with Z2 coefficients now follows from the isomorphisms 

HF:(T*M, Hv; Z2) ^ HF:(T*M; Vi, en Z2) 

and 

H*({5v, < a};Z2) ^ H*({5v < a};Z2) 

for i sufficiently large. Here the second isomorphism follows by varying the level 
a and noting that the inclusions {Sy < a} ^ {'^Vi < ^ {Sy < c} are 
homotopy equivalences for a < b < c, c sufficiently close to a, and i sufficiently 
large. To understand the isomorphism on Floer homology, we first recall that the 
Floer homology groups HF°(T*M, iJy; Z2) (for a nonregular Hamiltonian Hy 
and a regular value a of the symplectic action Ay) are defined in terms of almost 
complex structures J and nearby Hamiltonian functions H, such that (J, H) is 
a regular pair in the sense of Floer; one then defines HF°(T*Af, iJy; Z2) := 
HF° (T*M, H, J; Z2) and observes that the resulting Floer homology groups are 
independent of J and of the nearby Hamiltonian H. Now let J = J^^ be the 
almost complex structure of Remark 1.3 and choose a J^^ -regular Hamiltonian 
H = Hy + W with W sufficiently close to zero. Then the Floer equation for 
the pair ( J^. , H) can be written in the form 

dsU + Wtv = Wt{u)+V{Wt{u,v), siVsV + dtU = v + V2Wt{u,v). (96) 

Now the standard Floer homotopy argument can be used to relate the Floer 
complex associated to (96) to that of 

dsU + VtV = gvBAVi{u), e'^VsV + dtu = V. (97) 

This shows that HF^(r*M, i?y; Z2) is isomorphic to HF^ (T*M, Vi, e,; Z2) for i 
sufficiently large. This proves Theorem 1.1 with Z2 coefficients. □ 
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To prove the result with integer coefficients it remains to examine the orien- 
tations of the moduh spaces. The first step is a result about abstract Fredholm 
operators on Hilbert spaces. 

Let C H be an inclusion of Hilbert spaces that is compact and has a dense 
image. Let M i-^ £{W,H) : s A{s) be a family of bounded linear operators 
satisfying the following conditions. 

(Al) The map s i— > A{s) is continuously differentiable in the norm topology. 
Moreover, there is a constant c > such that 

\\MsmH+\\MsnH<cmw 

for every s € K and every ^ gW. 

(A2) The operators A{s) are uniformly self-adjoint. This means that, for each 
s, the operator A{s), when considered as an unbounded operator on H, is 
self adjoint, and there is a constant c such that 

mw<c{\\A{smH + mH) 

for every s € K and every ^ gW. 
(A3) There are invertible operators A^ -.W^H such that 

lim \\A(s) - A^W 0. 

(A4) The operator A{s) has finitely many negative eigenvalues for every s € M. 

Denote by S{W, H) the set of invertible self-adjoint operators A : W ^ H with 
finitely many negative eigenvalues. For A £ S{W, H) denote by E{A) the direct 
sum of the eigenspaces of A with negative eigenvalues. Given A^ G 
denote by 'P{A-,A+) the set of functions A : R ^ C{W, H) that satisfy (Al-4) 
and by V the union of the spaces V{A~ , A+) over all pairs e SiyV, H). This 
is an open subset of a Banach space. 
Denote 

and, for every pair A"^ e S{W,H) and every A £ P{A~ ,A'^), consider the 
operator Va : W — > W defined by 

{VaO{s) := i{s) + A{s)as) 
for ^ e W. This operator is Fredholm and its index is the spectral flow, i.e. 

index(I?A) = dim E{A^) - dim E{A+) 

(see Robbin-Salamon [15]). The formal adjoint operator : W ^ H is given 
by ■D^?7 = —f) + Ar}. Denote by 

det(DA) := A""^ (ker Va) A""*^ (ker (Da)*) 

the determinant line of Va and by Ot:(Va) the set of orientations of det(I'A)- 
For A e <S(W, H) denote by Or{A) the set of orientations of E{A). 
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Remark 11.2 (The finite dimensional case). Assume W = H = R". Let 
A"^ be nonsingular symmetric (n x n)-matrices and A G P{A~ ,A^). Suppose 
that A{s) = A^ for ±s > T. Define $(s, sq) e K"^" by 

d^^is, So) + A{s)^{s, So) = 0, $(so, so) = 1- 

Define 

E^{s) := G R" I hm $(r, s)^ = 1 . 



r— '■itoo 

Then E-{s) = E{A-) for s < -T and E+{s) = E{A+)-^ for s > T. Moreover, 

kerDA = E-{s) E+{s), (imP^)"^ = {E~{s) + E+{s))-^. 
Hence there is a natural map 

TA : Ot{A-) X Or(A+) ^ Ot{Va) 

defined as follows. Given orientations of E{A^) ^ E^{s) and i?(A+) = E^{s)^, 
pick any basis ui, . . . ,ue of E^(s) n i?^(s) = kcr Extend it to a positive 
basis of E~{s) by picking a suitable basis vi, . . . , v„i of E~{s) n i?+(s)^. Now 
extend the vectors vj to a positive basis of E^{s)^ by picking a suitable ba- 
sis of (^/^(.s) + _E+(s))-'- = (imP,!!)^. Then the bases 
of kerT>A and of (iml?^)^ determine the induced orientation of 
dcrt(2?/v). Note that this is well defined (a sign change in the Ui leads to a sign 
change in the Wk). 

Remark 11.3 (Catenation). Let Ao,Ai,A2 G S{W,H) and suppose that 
Aoi €V{Ao,Ai) and A12 e ^(^1,^2) satisfy 

For i? > T define € ^(^0, ^2) by 

<(.) = |^-(^ + ^) (99) 
\Ai2(s-i?) if s>0. ^ ^ 

If I'aoi and r'Aia are onto then, for R suflaciently large, the operator T^ar^ is 
onto and there is a natural isomorphism 

: ker D^oi ® ker Va,^ ker D^r 

The isomorphism 5^ is defined by composing a pre-gluing operator with the 

orthogonal projection onto the kernel. That this gives an isomorphism follows 
from exponential decay estimates for the elements in the kernel and a uniform 
estimate for suitable right inverses of the operators Var (see for example [18]). 
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Theorem 11.4. There is a family of maps 

TA : Or(A-) X Ov{A+) ^ Or(P^), 

one for each pair of Hilbert spaces W C H with a compact dense inclusion, each 
pair A"^ e «S(W, H), and each A e 'P{A~ ,A'^), satisfying the following axioms. 

(Equivariant) ta is equivariant with respect to the Z2-action on each factor. 

(Homotopy) The map {A, o~, o+)i— ta{o~,o'^)) from the topological space 
{{A,o-,o+)\A eV,o^ e Or(^±)} to {{A,o)\A G V, o e Orp^)} is 

continuous. 

(Naturality) Let $(s) : {W,H) {W , H') be a family of (pairs of) Hilbert 
space isomorphisms that is continuously differentiable in the operator norm 
on H and continuous in the operator norm on W . Suppose that there 
exist Hilbert space isomorphisms : {W,H) — » iW',H') such that $(s) 
converges to in the operator norm on both spaces and 4>(s) converges 
to zero in C{H) as s — > ±00. Then 

T3..a(*^0",*^0+) = ^^Ta{0~,0+) 

for all A^ (^S{W,H), A(^V{A- ,A+), and o^ S Or(yl±). 
(Direct Sum) If Af e S{Wj,H.j) a.nd A, e ViA-,A+) for j = 0,1 then 

TAoQAi (Oq O of, (g) of ) = TAo{Oo,0^) (g) rAi(oJ", of ). 

for all of e Or(A^). 

(Catenation) Let Ao,Ai,A2 G S{W,H), suppose that Aqi e P{Ao,Ai) and 
A12 e V{Ai,A2) satisfy (98) and, for R > T, define A§2 by (99). Assume 
Paoi dnd "Dai^ ft'^e onto. Then T^a^^ f'^^ large R and 

TA02(O0,O2) = (T^ (tAoi(oo,Oi),TAi2 (01,02)) . 

for oo e Ov{Aq), oi e Or(j4i), and 02 € Or(A2). Here the map 
: det(I'Aoi) x detiVA,^) det(D^K ) 

is induced by the isomorphism of Rem,ark 11.3. 

(Constant) If A(s) = A+ = A' and 0+ = o" e 01(^4^) then ta{o~,o+) is 
the standard orientation of dei(VA) — ^■ 

(Normalization) IfW = H = K" then ta is the map defined in Remark 11.2. 

The maps ta are uniquely determined by the (Homotopy), (Direct Sum), (Con- 
stant), and (Normalization) axioms. 
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Theorem 11.4 is standard with the techniques of [7] (although the assump- 
tions are not quite the same as in the work of Flocr and Hofer) . 



Proof of Theorem 1.1. Assume is Morse-Smale. For x G 'P(V) denote by 
W"^ (x) the unstable manifold of x with respect to the negative gradient flow of 
iSy- Thus W'^{x) is the space of all smooth loops y : ^ M such that there 
exists a solution u : (— oo, 0] x 5^ — » M of the nonlinear heat equation (3) that 
converges to x as s ^ —oo and satisfies ^(0,*) = y{t). Then W^{x) is a finite 
dimensional manifold (see for example [2]). It is diffeomorphic to R'^ where 
k = indv(x) is the Morse index of x as a critical point of iSy- Fix an orientation 
of W^{x) for every periodic orbit x e 'P(V). These orientations determine a 
system of coherent orientations for the heat flow as follows. 

Fix a pair x^ G ^(V) of periodic orbits that represent the same component 
of CM. Denote by V^{x~ ,x^) the set of smooth maps w : K x 5^ — > M such 
that u{s, ■) converges to x^ in the norm and dsu{s, •) converges to zero in 
the norm as s tends to ±oo. Then, in a suitable trivialization of the tangent 
bundle u*TM, the linearized operator 2?° has the form of an operator T>a as 
in Theorem 11.4 where the spaces E{A^) correspond to the tangent spaces 
T^±W'^{x'^) of the unstable manifolds. Hence, by Theorem 11.4, the given 
orientations of the unstable manifolds determine orientations 



of the determinant lines for all u G V°{x~ ,x~^) and all x^ G 'P(V). By the 
(Naturality) axiom, these orientations are independent of the choice of the triv- 
ializations used to define them. By the ( CatenaMon ) axiom, they form a system 
of coherent orientations in the sense of Floer-Hofer [7] . 

Next we show how the coherent orientations for the heat flow induce a system 
of coherent orientations 



for the Floer equations (9). Let us denote by ^(x", x+) the set of smooth maps 

(u,w) : K X S'-'^ ^ TM such that (7i(s, •), ?;(s, •)) converges to (x^,x^) in the 
norm and {dgU, Vsv) converges to zero, uniformly in t, as s tends to ±oo. 
By the obvious homotopy arguments it suflices to assume u G 'P'^(x~,x+) and 
V = dtu. We abbreviate 



Hence 2?^(^, Vt^) is small in the (0, 2, £)-norm. If the operator 2?° is onto then 
the estimate of Theorem 3.3 shows that the map 



z/°(w) e Or(det(I?0)) 




ker V: 



ker -Dl : 



( 



:) 



(■ 



4e 



:) 
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is an isomorphism between the kernels and we define i^^{u, dtu) to be the image 
of under the induced isomorphism of the top exterior powers. If 2?° is 

not onto we obtain a similar isomorphism between the determinant lines of X>2 
and 2?^ by augmenting the operators first to make them surjective. It follows 
again from the ( Catenation) axiom that the v^{u,v) form a system of coherent 
orientations for the Floer equations. 

Now assume that G '?'(V) have Morse index difference one. Consider the 
map 

: M°{x-,x+; V) ^ M%x-,x+; V) 

of Definition 4.4 and recall that, by Theorem 10.1, it is bijective. It follows 
from the proof of Theorem 9.1 that the map satisfies the following. Let 

u G M°{x~ ,x^;V) and 

{u',v') ■.= T'{u) € M'{x-,x+;V). 

Then the vector dsU E ker T>^ is positively oric^iited with respect to v'^{u) if and 
only if the vector {dsu"^, S/sV'^) G kerP^e^^e is positively oriented with respect to 
p^{u^, v'^). Hence the bijection preserves the signs for the definitions of the 
two boundary operators. This shows that the Morse complc;x of the heat flow 
has the same boundary operator as the Floer complex for e sufficiently small. 
Hence the resulting homologies are naturally isomorphic, i.e. for every regular 
value a of <Sv there is a constant £o > such that 

HF^(T*M,V,£;Z) ^ HM^(£M,5v;Z) 

for < £ < £0- In fact, we have established this isomorphism on the chain level 
and with integer coefficients. To complete the proof of Theorem 1.1 one can 
now argue as in the proof of Theorem 11.1 to show that, given a potential V 
such that Sv is Morse and a regular value a of Sy, we have two isomorphisms 

HF:(r*M,i?y;Z) ^HF:(r*M,V,£;Z) 

and 

RM'iXCM,Sv;Z) ^ H,({5y < a};Z) 

for a suitable perturbation V and £ > sufficiently small. This proves the result 
for integer coefficients and a < oo. The argument for general coefficient rings 

is exactly the same. The result for a = c» follows by taking the direct limit 
a oo and noting that there are natural isomorphisms 

RF4T*M,Hv) ^ lim HF^(r* M,iJy) 

and 

R,{CM) ^ lim R4{Sv < a}). 
This proves Theorem 1.1. □ 
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A The heat flow 

In this appendix we summarize results from [25] that are used in this paper. 
We assume throughout this appendix that M is a closed Riemannian manifold. 
Let V : CM ^ M be a smooth function that satisfies the axioms (V^O — VA). 
Consider the action functional 

Sv{x) = \j\x{t)\^dt-V{x) 

and the corresponding heat equation 

dsU - Vtdtu - grad V(m) = (100) 

for smooth functions M x S*^ ^ M : {s, t) u{s, t). In the following we denote 
by ■P(V) C C°°{S^,M) the set of critical points x of 5v (i.e. of solutions of 
the equation Vti + gradV(a;) = 0), and by P"(V) the set of all x G P(V) with 
action Sv{x) < a. For two nondegenerate critical points a;^ € 'P(V) we denote 
by A^°(a;~, a;+; V) the set of all solutions u of (100) that converge to x'^{t) as 
s — > ±00. The energy of such a solution is given by 

/oo />! 
/ \dsu\^ dtds = Sv{x-) - Sv{x+). 
-oo Jo 

Theorem A.l (Apriori estimates). Fix a perturbation V : CM W that 
satisfies (VO — VI) and a constant cq > 0. Then there is a constant C = 
C(co,V) > such that the following holds. If u : R x ^ M is a solution 
of (100) such that Sv{u{s, ■)) < co for every s e R then 

\\dsn\\^ + \\dtu\\^ + \\VtdM\oo < 

Theorem A. 2 (Exponential decay). Fix a perturbation V : CM M that 
satisfies {VO — VA) and assume Sy is Morse. 

(F) Let u : [0, oo) x ^ M be a solution of (100). Then there are positive 
constants p and ci, C2, C3, . . . such that 

\\9su\\ck^[T,oo)xS^) < Cke-"'^ 

for every T > 1. Moreover, there is a periodic orbit x G 'P(V) such that 
u{s,t) converges to x{t) as s — > 00. 

(B) Let u : (— cx),0] x S*^ — > M 6e a solution of (100) with finite energy. Then 
there are positive constants p and ci, C2, C3, . . . such that 

ll^«^^llcM(-<x),-T]xSi) < Cfce""^ 

for every T > 1. Moreover, there is a periodic orbit x G 'P(V) such that 
u{s,t) converges to x{t) as s —00. 
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Theorem A. 3 (Regularity). Fix a constant p > 2 and a perturbation V : 
CM M that satisfies {VO — VA) . Let u : ]S.x ^ M be a continuous function 
which is locally of class W^'^. Assume further that u is a weak solution of (100). 
Then u is smooth. 

The covariant Hessian of Sv at a loop x : ^ M \s the operator A(x) : 
W2'2(5\x*TM) ^ L'^{SK x*TM), given by 

A{x)!; := -VtVtC - x)x - Hv{x)^. 

This operator is self-adjoint with respect to the standard L"^ inner product on 
n'^{S^,x*TM). In this notation the linearized operator D° : CP is given 

by 

where Us{t) := u{s,t). (See Section 3 for the definition of the spaces Wu = 
and Cu = CP.) 

Theorem A. 4 (Predholm). Fix a perturbation V : CM — > M that satis- 
fies {VO - V4) and assume is Morse. Let x^ € V{V) and u : R x S'^ ^ M 
be a smooth map such that u{s,-) converges to x^ in the norm and dgU 
converges uniformly to zero as s — > ±oo. Then, for every p > 1, the operator 
: WP CP is Fredholm and its Fredholm index is given by 

index "D^ = indv(x~) — indv(a;"'"). 

Here indv(a;^) denotes the Morse index of x^, i.e. the number of negative 

eigenvalues of A{x^). 

Theorem A. 5 (Implicit function theorem). Fix a perturbation V : CM 
R that satisfies {VO — F4). Assume Sy is Morse and that is onto for every 
u e M^{x^ ,x~^;V) and every pair x^ e ^"(V). Fix two critical points x^ G 
'P°'{V) with Morse index difference one. Then, for all cq > and p > 2, there 
exist positive constants So and c such that the following holds. J/m : M x 5^ — > M 
is a smooth map such that lims->±oo w(s, •) = a;^(-) exists, uniformly in t, and 
such that 

\dsu{s,t)\ < , ° ^ , \dtu{s,t)\ < Co 

for all {s,t) G M X 5*^ and 

\\dsU - Vtdtu - grad V(m)||p < &o. 

Then there exist elements uq e j\4°(a;~,a;+; V) and ^ € im(I?°^)* n W^g satis- 
fying 

w = exp„„(0, Mwuo - ^ 11^*^ ~ ~ grad V(u)||p . 

Theorem A. 6 (Transversality). For a generic perturbation V : CM M. 
satisfying {VO — V4) the function Sy : CM M. is Morse— Smale in the sense 
that every critical point x of is nondegenerate (i.e. the Hessian A{x) is 
bijective) and every finite energy solution u : Rx ^ M of (100) is regular 
(i.e. the Fredholm operator is surjective). 
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Figure 1: Parabolic cylinders 



Theorem A. 7. Let V : CM — > R &e a perturbation that satisfies {VQ — VA) 
and assume that S\; is Morse-Smale. Then, for every regular value a of Sv and 
every principal ideal domain R, there is a natural isomorphism 

mAl{CM,Sv;R) = R^CM-^R), CM {x e CM\Sv{x) < a}. 

If M is not simply connected then there is a separate isomorphism for each com- 
ponent of the loop space. The isomorphism commutes with the homomorphisms 
HM^(/:M,5v) ^ HMt(£Af,5v) and R^iC'M) -> H,(£''A/) for a < b. 

The proof of Theorem A. 7 is similar to the finite dimensional case (see [17, 
22]) since the gradient flow of 5v defines a wellposed initial value problem. 

B Mean value inequalities 

Let n be a positive integer and denote by 

A := ai V • • • + dj 

the standard Laplacian on R". Given positive real numbers r and e let Br = 
Br{0) be the open ball of radius r in M." and define the parabolic cylinders 
Pr,P^,Pr' C R"+i by 

Pr := (-r^ - er, er) x Br, 
Pr := (-r2,0) X Br, 
Pr^ ■■= (-r^ + er, -er) x Br- 

(see Figure 1). The elements of Pr are denoted by (s, x) = {s,xi, . . . , a;„). 

Lemma B.l. For every n G N there is a constant c„ > such that the following 
holds for every r e (0, 1]. If a > and w : R x W D Pr ^ R is in the 
s-variable and in the x-variable such that 

(A — ds)w > —aw, w > 0, 
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then 



w{0) < / w. 



Proof. For a = this is a special case of a theorem by Gruber for parabolic 

differential operators with variable coefficients. (See Gniber [10, Theorem 2.1] 
with p = 1, 6 = 1, X = 1, a = 1/2, R = r and / = 0; for an another proof see 
Lieberman [12, Theorem 7.21] with R = r, p=l, p= 1/2, / = 0.) 

To prove the result in general assume that w satisfies the hypotheses of the 
lemma and define f{s,x) := e~°-^w{s,x). Then 

(A - ds)f = e-""(A -ds + a)w > 0. 

Hence, by Gruber's theorem. 

This proves the lemma. □ 

Lemma B.2. Let C2 be the constant in Lemma B.l with n = 2. Let e > 0, 

r e (0, 1], and a > 0. If w : M. x M. D ^ M. is in the s-variable and in 
the t-variable and satisfies 

L^w := (e^^s^ + dt^ - d^) w > -aw, w>0, (101) 

then 



w. 

Proof. The idea of proof was suggested to us by Tom Ilmanen. Define a function 
W on the domain C M x by 

W{s,t,q) := w{s + eq,t). 

(Note that (s + eq, t) € P^ cRxR for every (s, t,q) € Pr CRx M^.) Then, by 
assumption, we have 

(A - ds) W{s, t, q) = {Lsw) (s + eq, t) > -aw{s + eq, t) = -aW{s, t, q), 

where A := 9? + 9^. Hence it follows from Lemma B.l with n = 2 that 

€9 6"''^ f 

w{0) = W{0) < / W. 
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It remains to estimate the integral on the right hand side: 



[ W< [ [ [ W{s,t,q)dsdqdt 

/r pr peg 
/ / w{z,t) dzdqdt 
-r J —r J —r'^-\-€Q 



eg 

/r pr per 
/ / w{z, t) dzdqdt 

-T J —T J — v'^—er 



(102) 



2r 



I w. 

J PS 



The first step uses the fact that W >Q and C [— r, r] x [— r, r\. The third step 
uses the fact that w>Q and (— £5) C (— — er, er), since < g' < r. □ 

Lemma B.3. Fix three constants r > 0, e > 0, and > 0. Let he the 
constant of Lemma B.l. If f : [— — sr,er] -^R is a function satisfying 

£Y'-/' + m/>o, />o, 

then 

f{0)<^-^ f{s)ds. 

Proof. This follows immediately from Lemma B.2 with w{s,t) := f{s). □ 

Lemma B.4. Let u : R x M" D Pr+t — » M &e in the s-variable and in 
the x-variable and f, g : Pr+t — » M 6e continous functions such that 

{A-ds)u>g-f, u>0, f>0, g>0. 

Then 

f f , ( ^ I \ f 

u. 



JPr JPr+v \^ JPR+r\ 



IPR+r \' ^' / JPR+r\PR 

Proof. The proof rests on the following two inequalities. Let Bj. c M" be 
the open ball of radius r centered at zero. Then, for every smooth function 

u : R" [0, 00), we have 

f du n-1 f d f d f 

JdBr oy r JoBr Jqb^ dr Job, 

(see [11, Theorem 2.1]). Secondly, every smooth function u : M x M" — > [0, 00) 
satisfies 

d / r , A . f d 



. . . u{s,-)]ds= / / u{s,-)]ds 

da .l_(R+„)2 \JdBR+„ J J-{R+crY V "cr 



+ 2{R + a) [ u{-{R + af,-) (104) 

J-(R+ay yao- JdBR+, J 
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Now suppose u, f, g satisfy the assumptions of the lemma. Then, for < cr < r, 

h-I ' 

JPr JPR+r 

< / {Au-dsu) 

= f if ^MV'^'- [ Uo,-)-ui-{R + ar,-))dx 

J-(R+aY \JdBn+. J Jbr^, ^ ' 

J-(R+a)^ \do- JdBR+„ ) JBr+^ 



- 4z f if u{s,-)]ds+ I u{-{R+ af,x) dx. 

-{R+ay \JdBR+^ J Jbr+^ 



da 



Here the first step uses the inclusions Pr C Pr+o- C Pr+t- The third step 
follows from (103) and the last from (104). Now integrate this inequality over 
the interval < cr < with r/2 < t < r, to obtain 

^ds + (/ u{-{R + <^fr)^da 



(R+ty \JdBR+ 




< 



/ (/ u{s,-)]ds+-;^ [ I u{s,x)dxds. 

J-{R+r)^ \JdBR+t I J-{R+ry^ JBR+r 



Here the last step follows by substituting s = — (i? + cr)^ and using a/— i > R. 
Integrate this inequality again over the interval r/2 < t < r to obtain 

^ 9- I n<zl I 



'^\Jpr J Pr+t J JpR+r\PR "^RjPn+rXPR 

This proves Lemma B.4. □ 

Lemma B.5. Let £, R, r he positive real numbers. Let u : D P^+r — > R 6e a 
function and f, g : P^_^.^ — > R 6e continous functions such that 

{e^ds^+dt^-ds)u>g-f, u>0, f>0, g>0. 

Then 



R + T ^ X " J R_|_^ 
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Proof. The idea of proof is as in Lemma B.2. Increase the dimension of the 
domain from two to three and apply Lemma B.4 with n = 2. Define functions 
U, F, G on Pu+r C M X by 

U{s,t,q) ■.= u{s + eq,t), F{s,t,q) := f{s + eq,t), G{s,t,q) := g{s + eq,t). 

The new variable a := s + eq satisfies {a, t) G Pr+j. C M x M whenever (s, t, q) e 
Pr+t C M X M^. Use the differential inequality in the assumption of the lemma 
to conclude (A - ds)U > G - F, where A := df + d^. Thus Lemma B.4 with 
n = 2 yields 



R-\-r 

The last step uses (102). By definition of G 

I G = I ( [ g{s + sq,t) ds] dqdt 



IPr JBrC 

> / / g {a, t) dadqdt 

J -R/2 J -R/2 J-R^+eq 
rR/2 i-R/2 r—eR/2 



I / g{a, t) dadqdt 

-R/2 J -R/2 J-R'^+eR/2 
I-R/2 P-eR/2 

= R / g{a, t) dadt 

J -R/2 J-R'^+eR/2 



>R g. 



This proves the lemma. □ 

Lemma B.6. Fix three positive constants r,R,e and three functions u,f,g : 
[—{R + r)^ — s{R + r),e{R + r)] — > R such that u is and f,g are continuous. 
If 

e^u"-u'>g-f, u>0, / > 0, g>Q, 



then 



L 



-Re/2 2(P + r\ 

g{s)ds<^^ f{s)ds 

R^/A+Re/2 J-(_R+r)2-e(i?+r) 



2(i? + r) MIA 



re{R+r) 
J-(R+r 



R \r^ RrJ 



{R+r)^-e(R+T) 



Proof. This follows immediately from Lemma B.5 with u, /, and g independent 
of the variable. □ 
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C Two fundamental W estimates 

Theorem C.l. For every p> 1 there is a constant c = c{p) > such that 

\\dsu\\^^ + \\dsv\\^p < c{\\dsu- dtv\\^p + \\dsV + dtu - v\\ ^p) (105) 
for allu,ve C^(M2). 

Theorem C.2. For every p > 1 there is a constant c = c{p) > such that 

II^s^IIlp + ll^t^t^llif < c \\dsU - dtdtuW^p (106) 
for every ueC^{M?). 

If wc assume v = diu then (105) follows from (106) (but not conversely). On 
the other hand if the term dsV + dfU — v on the right is replaced by dsV + dtU, 
then (105) becomes the Calderon-Zygmund inequality. However, it seems that 
the estimate (105) in its full strength cannot be deduced directly from the 
Calderon-Zygmund inequality and the parabolic estimate (106). Theorems C.l 
and C.2 will be proved below. 

Corollary C.3. Letp > 1 and denote by c = c{p) the constant of Theorem C.l. 
Then 

\\dsu\\^p +e\\dsv\\^p < c{\\dsu- dtv\\^p + e \\dsV + e'"^ {dtu - v)\\ (107) 

for every e > and every pair u,v € C^{M?). 
Proof. Denote 

f := dsU- dtv, g:=dsV + s~'^{dtU-v). 
Now consider the rescaled functions 

u{s,t) := u{e'^s,et), v{s,t) := ev{e^s,et) 

and 

f{s, t) := eV(e^s, 9{s, t) := e^g{e'^s, st). 

Then 

dsii. - dtV = f, dsV + dtU - V = g. 
Hence, by Theorem C.l, 

+ Hv\\lp ^ + ii^iiip) • 

Now the result follows from the fact that 

\\f) yW — f2-3/p||o II II ?|| = <r2-3/p|| j^ll 

and similarly for the other terms. □ 
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Wc give a proof of (105) and (106) that is based on the Marcinkiewicz Mihhn 
multiplier method. To formulate the result, we consider the Fourier transform 



given by 



JT: L^(IR^,C) ^ L\R\C), 



{Tf){cj, r) := — / / e-^(-+-*)/(s, t) dsdt 



for / e I/^(IR^,C) n L^{M?,<C). Given a bounded measurable complex valued 
function m : ^ C define the bounded linear operator 



Tm : L2(M^C) ^ l2(M2,C) 



by 



The following theorem is proved in [13] . 

Theorem C.4 (Marcinkiewicz— Mihlin). For every c > and every p > 1 
there is a constant Cp = Cp(c) > such that the following holds, //m : — > C 
is a measurable function such that the restriction of m to each of the four open 
quadrants in is twice continuously differentiable and 

\m{a,r)\ + \adam{a,T)\ + \rdrm{a,T)\ + \aTdadTm{a,r)\ < c (108) 

for a,T eR\{0} then 

/ e Lf(M^C)nL2(K2^C) =^ T„/eLf(R^C) 

and 

\\rmfhp<cp\\fh. 

for every f e LP{R^,C) D L^{R^,C). 

Remark C.5. The theorem of Marcinkiewicz-Mihlin in its original form is 
slightly stronger than Theorem C.4, namely condition (108) is replaced by the 
weaker conditions 

sup|m((7,T)| < c, (109) 

(T,r 

sup / |9r"i(o', ±t)| dr < c, sup / \d(rm{±a,T)\ da < c (HO) 

<T#0 J2^ TjiO J2'' 



and 



/ / \d„drm{±a,±T)\ dT<c (111) 

for all integers k and £ (and all choices of signs). In this form the result is 

proved in Stein [20, Theorem 6']. It is easy to see that (108) implies (110) with 
c replaced by clog 2 and (111) with c replaced by c(log2)^. 
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Proof of Theorem C.2. Let u e C^(M2, C) and define / e Cg°(M2) by 

/ := dsU - dtdtu. 
Denote the Fourier transforms of / and u by 

/ := J"/, u := J^u. 

Then 

/ = iau + T^u 

and hence 



dsU = iau = _^ ^ ,_ f. 



+ ia 

Denote the multipher in this equation by 



lo 

m(a,T) := 



+ ia 
The formulae 

ir^ -2i(7r -2iT(r2 - ia) 

o„m= 2> OTm= 2> OaOTm= 3 — 

(r^ + ia) (r^ + icr) (r^ + icr) 

show that the functions m, adam, rdrm, and ard^drm are bounded. Hence 
the result follows from Theorem C.4. □ 

Proof of Theorem C.l. Let u,v & C^{W?,C) and define f,g& C^(R2) by 
/ := dsU - dfV, g := d^v + dtU - v. 

Then 

/ = iau — irv, g = iav + iru — v. 
Solving this equation for u and v we find 

^ _ 1 — ia ^ ir ^ 

a'' + + la a'' + + la 



and hence 



^ '^ la ^ 

(T^ + + ifT a-^ -\-T^ + la 



a'^ +ia ^ ar 

"""^ = 2 , 2 _i_ ■ / + 2 _i_ 2 . ■ 

— ^ _|_ _|_ i/~r rr^ _|_ , ' " — 



= -9 , _9 , + 



The four multipliers in the last two equations satisfy (108). Hence the result 
follows from Theorem C.4. □ 



68 



D The estimate for the inverse 

We begin by proving a weaker version of the estimate in Theorem 3.2. 

Proposition D.l. Let u G C°°{R x S^,M) and v e fl°{R x S^,u*TM) such 

that \\dsu\\oo, \\dtu\\oc and\\v\\oo are finite andlmis^±cou(s,t) exists, uniformly 
in t. Then, for every p > I, there is a constant c > such that 

e-'m - vWp + W^tvWp + \m\\p + £||V.ry||p 
<c{\\'DlMkp,s + s-'\\C\\o,p,s) ^ ' 

for every e G (0, 1] and every pair of compactly supported vector fields C = 
7?) e fl°{R X S^,u*TM © u*TM). The formal adjoint operator sat- 
isfies the same estimate. 

Proof. Choose a finite open cover {Ua}a of the cylinder Rx 5^ with the following 
properties. 

(i) For each a the set f/^ C M x 5^ is contractible. 

(ii) For each a the closure of the image of Ua under u is contained in a 
coordinate chart on M. 

(iii) There is a constant T > and an open cover of such that 
Ua n [T, oo) X = [T, oo) x la for every a. Similarly for the interval 
(-00, -T]. 

We prove (112) for I?^ „. The estimate for (Vf^^^)* is analoguous. Assume 
first that ^ and rj are compactly supported in Ua for some a and denote by 
^a,ila '■ Ua R" the vcctor fields in local coordinates. By Corollary C.3, there 
is a constant Ca, depending only on p and the metric, such that 

ll^s^allp + e||9sr?a||p < Ca(\\ds^a - dtVa\\p + £ \\dsVa + ^'"^ (dt^a - ^c«)||p)- 

Here we denote by the norm with respect to the Riemannian metric in 
the coordinate charts on M. Replacing the partial derivatives ds and dt by the 

covariant derivatives Vj and Vt we obtain 

mi + £ < c(m - Vtr?||p + e + e-'m ' v)\L 

^ ^ . (113) 

+ liap + IMlJ- 

for every ^ with support in one of the sets Ua. Here we have used the L°° 
bounds on dgU and dtU. Observe that the constant c depends on the Christoffel 
symbols determined by our coordinate chart on M. Now let {fia}a be a partition 
of unity subordinate to the cover {Ua}a such that ||9s/3a||o^ + ||9t/3a||^ < oo for 
every a. (Note that 0a need not have compact support when Ua is unbounded.) 
Given any two compactly supported vector fields ^,r] € n°(IR x S^,u*TM) 



69 



apply (113) to the (compactly supported) pair {jda^., f^aV) take the sum to 
deduce that (113) continues to hold for the pair (^, 77) with an appropriate larger 
constant c. Using the L°° bounds on dsU, dtu, v, and the curvature (as well as 
the axioms {VO — 1^1) for V) we obtain 

llV.eilp + e WVsvWp < c'(||V.^ - Vtv - i?(C, dtu)v - Wv(w)Cllp 

+ £ II VsT? + Ri^, dsu)v + £-^(Vt^ - r?)||p 

+ e-'\\% + U\,)- 
This implies (112). □ 
Under the assumptions of Proposition D.l it follows immediately that 

||CI|i,p,.<c(£^||I?:,„CI|o,p,. + ||CI|o,p,.) (114) 

and similarly for (2?^ ,„)*. Moreover, note that the difference between Proposi- 
tion D.l and Theorem 3.2 lies in the £-factors in front of and W'qWp on the 
right hand sides of the estimates. To prove Theorem 3.2 we must improve these 
these factors by e for ^ and by for 77. This requires the following parabolic 
estimate. Let 1/p + 1/ q = 1. The formal adjoint operator 

of I?o : >V£ ^ CI is given by 

{VlY^ = -Ws^ - VtVt^ - R{^, dtu)dtu - Hv{u)^. (115) 

Proposition D.2. Let u G C°°(M x S'\ M) such that |iasit||oo; ||9t?i|loo and 
II Vt9t'f*||(x> are finite and lims^±oo u{s,t) exists, uniformly in t. Then, for every 
p > 1, there is a constant c > such that 

\Mp + llVtVt^llp < c {\\Vl(,\\, + IICIIp) (116) 

for every compactly supported vector field ^ € f2''(R x ,u*TM). The formal 
adjoint operator (2?°)* satisfies the same estimate. 

Lemma D.3. Let x : ^ M be a smooth map, p> 1 and 

\p/[p-l) ifp<2. 
Then, for every e > and every ^ G Cf{S^,x*TM), we have 

\\{l-eWM)-'ap<m\„ 
V^\\{l-eVtVt)-'Vt^\\p<Kpm\p, 
£||(]l-£VtVt)-^VtVt^||p<2||C||p. 

These estimates continue to hold for u e C°° (M x S^, M) and compactly sup- 
ported vector fields ^ e fl°{R x S'^,u*TM). 
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Proof. First consider the case p>2: Let e > and ^ e n°{S^,x*TM). Define 

(The operator {1 - eVtVt) : W'^'P{S^,x*TM) Lp{S\x*TM) is bijective.) 
Then 

= Pip - 2)h|P-4(Vtr;, Tjf + p\r,r^ ((V*Mr?, r;) + | Vtr?!^) 

>pe~'\7i\P-pe-'\vr^{^,7^} 

>ps-'\vf-ps-'\vr'\^\ 



The third step uses the identity VtVtry = e ^r]—e The last step uses Young's 
inequaUty 



|(|V*^r'(V,ry,r;)) 

= |Vt77r + \Vtvr\Vt'^tV,v) + (P- 2)1 Vtryr 4 (Vjr,,,y)(VtVtr?,Vtr7) 
= \^r,\P + e-'\Vtvr'\v\'-s-'\Vtvr^tv) 

-s-\p-2)\\/tvr\ytV,v){L^tv)+e-\p-2)\\/tvr\ytV,v)' 



The third step uses (118) with r = s = 2. The last step uses (118) with r = p/2, 
a = 2^e~-^|^p and s = p/(p — 2), b = {Vtvl''^'^ ■ ^ow the first two estimates of 
the lemma follow by integration over , respectively Rx S^. The last estimate 
is an easy consequence of the first: 



This proves the lemma for p > 2. Now assume 1 < p < 2 and let q := p/{p—l). 
Then q> 2 and hence 



with r 




(118) 



e\H'^tv\\p = h~^\\p<M\p + m\p<m\ 



Vi||(]l-£VtVt)-Vt^|l = sup 



< Vi sup 



((]l-gVtVt)-iVtg,r?) 
Il^ll, 

Ml 



<'im\ 
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This prove the second estimate for p <2. The other estimates follow similarly. 
This proves the lemma. □ 

Lemma D.4. Let x G C°°(S'\ M) and p>l. Then 

\m\p<'^p{s-'mp+s\mvt^\\p) 

for 6 > and £, G ft'^(S^,x*TM), where Kp is defined by (117). This estimate 
continues to hold for u G C°° (M x S^, M) and compactly supported vector fields 
C G X S^,u*TM). 

Proof. Let 1/p + 1/g = 1 . Since the operator 

W^''i{S^,x*TM) Li{S^,x*TM) : r] ^ S'^r] + SVtVtV 
is bijective, we have 

VtC = sup —— 



= sup 



1 



^fzw^.i \\S ^v-SVt^tvWg 
/ \ llVtr?!! 

<(s-'uh+s\mvsu sup J' 

<«p(<5-Ml?t + 5||VtVte||,). 
To prove the last step, denote 

C := ?? - ^'VtVtr/. 

Then 

and hence, by Lemma D.3 with e = 5"^ , we have 

We have used the fact that This proves the lemma. □ 

Proof of Proposition D.2. The proof follows the same pattern as that of Propo- 
sition D.l. Let {Ua}a be as above. If ^ is (compactly) supported in Ua then, 
by Theorem C.2, 

a\\p < Ca \\ds£,a — dtdt£,a\\ 

Replacing ds and dt by Vs and Vt, and using the L°° bounds on dsU, dtu, and 
Vtdtu, we find 

m\\p + iiMMeiip < c(iiv.e - VtMct + ii^iip + 11^*^11 J- 
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Using a partition of unity {/3a}a, subordinate to the cover {Ua}a, such that 

\\W\oo + \\W\oo + \\9tW\oo < 



we deduce that the last estimate continues to hold for every compactly supported 
vector field ^ e f20(M x S'^,u*TM). Now apply Lemma D.4 with 6cp < 1/2 to 
obtain 

iiv.eiip + \Hmp < c'{m - vtv*eii, + ui) ■ 

Hence 

IIv.^IIp + iiVtVteiip < c"(iiv.c - ym - R{^,dtu)dtu - hvH^ii^ + ii^iip) 

as required. □ 
Proof of Theorem 3.2. Fix a constant p> 1 and define 

/(?, V) - Vtry, g{t v) ■= V.ry + e-^^ " v), 



for compactly supported vector fields C = v) S x S\u*TM © u*TM). 

It suSices to show that 

\Hi - rylip + II Vtr^ll + II V.eilp + e ||V,r;||^ 

/ 9 \ (119) 

<c(||/||, + £||5llp + ll^llp + e^h||J 

for some constant c > independent of e and rj). The general case (for ^) 
then follows easily: 

II Vt^ - ?7llp + II Vtryllp + ||V,C||p + e HV^ryU^ 
< c'(||/ - a^w)^; - Hv WCIIp + ^ lis + + + M^) • 

To prove the estimate for the formal adjoint operator ("D^ ^)* apply (119) to the 

vector fields ^(— s,t) and ri{—s,t) and then proceed as above. 
To prove (119) we split ( into two components. Let 

7r,{^,r]) := {1 - sVtVt)-\^ - e'Vtv), ^(0 ■= (^-^0, 

and define 

r ._ - (]l-£V,V,)-i(e-e'V,r;) \ 

^ ._ /CiV.^.. _ (]l-£VtV0-i(e2Vtr;-eVtViC) 

\mj ^ ^° " V(l- ^VtVt)-i(7? - V*^ + is' - £)VtVt7?) 

Note that r]o = Vf^o and 

a - £VtJ?i = (e^ - e)Vtr?. (120) 



73 



Since / and g arc linear, we obtain the splitting / = /o + /i and g = go + g\, 
where fi := /(^j, r]i) and g^ := g{Ct,rit) for i = 0, 1. Thus 

/o = V«Co - VtVtCo, 50 = V«VtCo- 

Now apply the parabolic estimate of Proposition D.2, with a constant cq > 0, 
to ^0 and the elliptic estimate of Proposition D.l, with a constant ci > 0, to 
{ii,Vi)- This gives 



e-' \m + II Vtryllp + ||V,e||p + e 
< l|VtVteo||p + ||V,eo||p + £||V,Vteo||p 

+ ||v,ei - mllp + IHviWp + liv.ailp + £ llV.mllp 

<co(||/o||p + ||6llp)+£||5o||p (121) 

+ ci(||/i||,+e||5i||,+e-Ml6ll, + lkilU 
<ci{\\f\\, + e\\gl + e-' \M^ + \\vil) 

+ (CO + Ci) ll/ollp + (1 + Ci)e llffollp + CO ll^ollp . 

We examine the last five terms on the right individually. For this we shall need 
the commutator identities 



(123) 
(124) 



[Vs,Vt]=R{dsU,dtu), (122) 
[V«, VtVt] = 2Vt [V„ Vt] - {Va,uR){dsU, dtu) 

- Ri^tdsU, dtu) + R{dsU, Vtdtu), 
[V«, (1 - £VtVt)-i] = (1 - eVtVt)-^! - eVtVt, V,](]l - eVtV*)"! 

= e{t - £VtVt)-i[V„ VtVtKl - eWtWt)-\ 

By Lemma D.3 and (123), we have 

£V2||(]l-£VtVt)-^[V„VtVi]^||^ 

< 2e'/^ \\{l-eWtWt)-^WtHMi\l + ci£^/^ ||?||^ 
<2«p||[V„Vt]e||, + ci£i/2||^||^ 

<C2||CL. 



(125) 



Here we have used the L°° bounds on dgU, dtU, Vtdtu, and S/tdgU. Now the five 
relevant terms are estimated as follows. 

The term H^oUp! By definition, 
Hence, by Lemma D.3, 

lieo||,<||CII, + £'l|Vtr?||^. (126) 
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The term ||/o||p: Consider the identity 

= Vs^o - ffVtVtVs^o - VtVt^o + eVtVtVtVt^o - V^^ + e^VtV^?? + VtV*^ 
= e^VtVtVt?? + e^R{dtu, dsu)7] + s[Vs, VtVt]^o- 

Apply the operator (1— eVtVt)"^ to this equation and use Lemma D.3 and (125) 

to obtain 

ll/oll, < ll/llp + n,e'/' blip + 2s + e\s + e^'^c, , (127) 

where C3 := ||i?|U ll<9su||oo ll^t^lloo- 
The term £||go||p: By (124), we have 

go = V^VfCo 

= (1 - eVtVt)^' (VtV4 + [v., Vt]C - e^VtVtVsV - e'lV^, VtVt]r/) 
+ e(]l-eVtVt)~i[V„VtVt](]l-eVtVt)-^ (Vt^ - e'VtVt??) . 

Hence, by Lemma D.3, (122), and (125), 

e ll^ollp < >^^ps'/' + c,e Ul, + 2='^ ||V,r7||^ + c^e^l^ 

+ c2e-^/2 II (J _ eWtVtV^ (VtC - e'VtVtry) 11 

(128) 

<«,£i/2||V,e||^ + 2e2||V,,?||^ 

+ £(«pC2 + C3)||€||p + 3C2£^/2 ||^||^_ 

The term £~^||^i||p: By (120), we have 
Hence 

/ N (129) 

<e||Vtr,||p + co(||/o||p + ||eo||J. 

In the last step we have used the parabolic estimate of Proposition D.2. 
The term ||T7i||p: By definition, 

?7i = (1 - eVMy' (77 - + (e' - e)VtVt77). 
Hence, by the triangle inequality and Lemma D.3, wo have 

||r?i|| < (]l-£VtVt)-'(r?-VtO +£ (1 - eVtV*)"' VtV^r? 

p 

< ll'y-Vt^llp + Kpx/illVtr/llp. 



(130) 



Insert the five estimates (126-130) into (121) to obtain (13), provided that e is 
suHiciently small. This proves Theorem 3.2. □ 
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The estimate for the inverse 

Geometrically, the difference between the operators and 7?^ ^ is the difference 
between configuration space and phase space, or between loops in M and loops 
in T*M ^ TM. Consider the embedding 

CM CTM : X ^ {x,x). 

The differential of this embedding is given by 

n°{S^,x*TM) n°{S^,x*TM®x*TM) : (^,VtO- 

To compare the operators and T>^ := we must choose a projection 

onto the image of this embedding (along u). At first glance it might seem 
natural to choose the orthogonal projection with respect to the inner product 
determined by the (0, 2, £:)-Hilbert space structure. This is given by 

with a = (3 = 2. Instead we introduce the projection operator 

TTe : LP{S\u*TM) X LP{S\u*TM) W^'P{S\u*TM) 

given by 

7:,iC,v) ■■= {l-eVtVtrH^-e^Vtv)- (131) 
The reason for this choice becomes visible in the proof of Proposition D.5 be- 
low, which requires (3 = 2. Moreover, the estimates in Step 1 of the proof of 
Theorem 3.3 are optimized for a = 1. Wc denote by l : W^'P{R x S^,u*TM) 
LP{S^,u*TM) X LP{S^,u*TM) the inclusion 

/.^o := (eo,Vteo). (132) 

The significance of these definitions lies in the next proposition and lemma. The 
proofs rely on Lemma D.3. 

Proposition D.5. Let u e C°°(M x S^,M) be a smooth map such that the 

derivatives dsU,dtU,VtdsU,\7tdtu,\7t^tdtu are bounded and define v := dtU. 
Then, for every p > I, there exists a constant c > such that 

fore€ (0,1] and compactly supported C, = (^,r?) € n^{Wx ,u*TM ®u*TM). 
The same estimate holds for iT>D*-Ke — -KeiJ^u)* ■ Moreover, the constant c is 

invariant under s-shifts of u. 

Lemma D.6. For u e C°°(]R x S'^,M), p>l, Kp as in (117), and < e < 1, 

h - VtTTeCllp < ||Vt^ - rylip + KpE^'^ UvWp 
IK - ^TT.CIIo.p.e < '^^P^"^ li - llWp + ^KpS WVtnWp 
||7reCllp< lk7r,C|lo,p,e<2«pllCllo,p,s 

for every compactly supported C = (C, v) e 0°(M x S^,u*TM © u*TM). 
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Proof. Denote 

^0 := TT.C = {t-eVtVt)-\i - e'Vt-n). 

Then 

e - Co = - eVtVt)- - VtO + - £)(]! - ffVtVt)-iVtJ? 
and hence, by Lemma D.3, 

Similarly, 

r; - Vt^o = (1 - eVtVt)-^(77 - MO + (s' - £)(! - eVtVt)-iVtVtr7 
and hence, again by Lemma D.3, 

Take the sum of these two inequahties to obtain 

lie - tTTeCllo.p.e < lie - eolip + e 11^7 - V/Collp 

<2Kpe^'^\\Vti-r]lp + 2n,,e\\Vtr^\\^ 
for < £ < 1. Moreover, using Lemma D.3 the formula for gives 

IIColl, < lleil, + ^pe^'^ M, , e < ^pe^^ Mp + Mv ■ 

Take these two inequahties to the power p and take the sum to obtain 

ll^^eCllS.p,e = lleo||^ + £^||V,6||^ 

< (1 + Kle^'^) + {kIs^I^ + 2%^')ef 

< (2«pniciis,,,e 

for < e < 1. This proves Lemma D.6. □ 
Proof of Proposition D. 5. As above, denote 

Co := TTeC = (1 - eVtWt)-\^ - s'^Vtv). 

Then 

T^uT^eC = V^^o - VtVtCo - R{^o, dtu)dtu - Hv{u)£,o 

= (1 - eVtVt)-^ (V,e - e'^VsVtr, - VtVt^ + e^VtVtVtr?) 
+ e(]l-eVtV0-MVa,VtVt]6 

+ i?((]l - e\ItVt)-^e'^VtV , dtu)dtu + Hv{u){t - eVtVt)-^ e^Vtf] 
- R{{1 - eVtVt)-^^ , dtu)dtu - Hv(m)(]1 - eVt%)~^i- 
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(133) 



Denote C' := {C,v') ■= T^IC, then 

n.VlC = (1 - eVtVt)-\^' - e^Vtrj') 

= (1 - eVtVt)-'{Vs^ - R{^, dtu)dtu - Hviu)^ 
- e^VtVsV - e''Vt{R{^, dsu)dtu) - VtVtC)- 

Taking the difference we find 

= (]l-£VtVt)-i {-e''\Vs,Vt]ri + e^VtVtyt^ + e^Vt{R{^,dsu)dtu)) 

+ R{{1 - £VtVt)-^£2Vt?7 , dtu)dtu + Hv{u){t - sVtVt)-^ e'^Vt'q 
+ (1 - £VtV,,)-ii?(e, dtu)dtu - R{{t - eVtVt)-^^ , dtu)dtu 
+ (1 - e%%)-^nv{u)£, - Hv{u){\ - eVtVt)-^^ 

To finish the proof it remains to inspect the V norm of this expression hne by 
hne. Using Lemma D.3, we obtain for the first hne 

II (31 - eVtVt)-! (-£2[V„ Vt]?7 + e^VtVtVtf) + e^Vt{R{^, d,u)dtu)) \\^ 

< \\R\\^ WdML \\9tu\\^ + 2e Ml, (134) 

+ ll^llooll^HloolMooliap- 

Apphcation of (125) with constant Ci := C results in an estimate for the second 
Hne in (133), namely 

\\e{l-eVtVt)-'[Ws,VtWt]^^ < ey^C, \\^\\^ + e'^/^C, IM^. (135) 
Lemma D.3 yields for line three in (133) 

||i?((]l - eVtVty^e^VtV , dtu)dtu + nv{u){l - eVtVt)-^£2y^^||^ 

<mL\\dtuC+C)e' WVtvl, 
where C is the constant in (1^1). Let us temporarily denote 

Then the penultimate line in (133) has the form [T-\ $] = T-i[$,T]T-i where 
the cndomorphism <I> : u*TM u*TM is given by = R{^, dtu)dtU. This 
term can be expressed in the form 

[T-\ = eT-i ((VtVt$)T-i^ + 2(Vt$)r-iVt€) 

and hence 

llfr-\$i^l, 



(136) 
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Thus 

II (1 - e^Wt)-^R{^, dtu)dtu - R{{t - eVtVt)-^^, dtu)dtu\\ 

(137) 

where C2 depends on ||ii||c;2 ||Vt9tu||^, and ||VtVt9tu||^. Similarly, 

II (1 - eVtyt)-^'Hv{u)i - 'Hv{u){t - e^tVt)-H\\^ < e^'^k^C^ , (138) 

where C3 depends on the constants in {VI — V3) and on and || Vt^fuH^^. 

The estimates (134-138) together give the desired bound for (133) and this 
proves the first claim of Proposition D.5. The estimate for (D^yTT^C— {n^Vf^y^ 
follows analoguously. Since all constants appearing in the proof depend on 
norms of derivatives of u, they are invariant under s-shifts of u. This completes 
the proof of Proposition D.5. □ 

The next lemma establishes the relevant estimates for the operator and 
its adjoint in the Morse-Smale case, i.e. when 2?„ is onto. 

Lemma D.7. Let V : CM —^Rbea perturbation that satisfies {VO — VA). 
Assume Sy is Morse-Smale and let u € M^{x^ ,x^]V). Then, for every p> 1, 
there is a constant c > such that 

M,+\Mp+\mvi<c\\iv°r4^ 

and 

+ \\^^% + ^ c (11^ - C^uTvl + \mQ 

for all compactly supported vector fields ^,r] G x S^,u*TM). 

Proof. By Theorem A. 4, the operators and {V^y are Predholm. Since Sy 
is Morse-Smale, the operator is onto and ('0°)* is injective. Moreover, the 

operator 

Wp^jCI® Cl/\m {Vly : ^ ^ {V% [i]) 

is also an injective Predholm operator. Hence the estimates follow from the 
open mapping theorem. □ 

Proof of Theorem 3.3. Fix a constant p > \. Then the L°° norms of dgU, dtu 
and Vtdtu are finite by Theorem A.l and ||Vt9su||oo is finite by Theorem A. 2. 
Use the parabolic equations for u to conclude that llVtVi^tuHoo is finite as well. 
Hence we arc in a position to apply Theorem 3.2 and Proposition D.5. We prove 

the estimate in two steps. 

Step 1. There are positive constants ci = ci{p) and £q = £o{p) such that 

\\C\\o,p,e < Uh + < Cl {e ||(PO*Cllo,p,e + hem*a,) (139) 

for every e € (0, eq) and every compactly supported vector field ( = (^, t]) G 
Q°{R X S^,u*TM ®u*TM). 
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By Lemmata D.4 and D.7, there exists a constant C2 = C2{p) > such that 

uh+m\\p+\\mp+Hmp < C2 uvir^w^ (mo) 

for every compactly supported ^ e fi°(K x S^,u*TM). Hence 

m,<u-^eC\\j, + \M\j, 

<U-^eC\\, + C2\\{Vlrn4l 

+ (C2C3 + KpC4 + C2C3C4) (e^/' lieilp + Ihllp) 

In the fourth step we have used Lemma D.6 and Proposition D.5 with a constant 
C3 = C3{p) > 0. The final step follows from Theorem 3.2 for the formal adjoint 
operator with a constant C4 = C4{p) > 0. Choose £0 > so small that 

(C2C3 + KpC4 + C^CzC/^Eq-I'^ < ^. (141) 

Then we can incorporate the term |j^||p into the left hand side and obtain 

ll^ll, < 2(«, + C2C3)C4£ ||(2?S)*Cllo,p,. + 2C2 ||7re(P^)*CII, + ^^'^ U\p ■ (142) 

Similarly, 

||r/||p<||r7-Vt7r,C||p + ||Vt^,Cllp 

< h-Vt7reC||p + C2||(I?0)*7reC||p 

+ (C2C3 + KpC4 + C2C3C4£^/2) (e^^^ + \\v\\p) ■ 

Use (141) again to obtain 

WvWp < 2{Kp + C2C3)c4£l/2 WiVirCh,,., + 2*^2 heiVlTQWp + H^l^ • (143) 

The assertion of Step 1 now follows from (143) and (142). 
Step 2 We prove the theorem,. 

Let e e (0,£o). By (114) for the formal adjoint operator (with a constant 
C5 > 0), we obtain 

IICIIl,p,. <C5e^lira*Cllo,p,e + C5||Cllo,p,e 

(144) 

<C5(£^ + Ci£ + 2«pCi)||(PS)*C|lo,p,e 

Here we have also used the estimate (139) of Step 1 and Lemma D.6. It follows 
that (2?^)* is injective and hence is onto. 
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(145) 



Let C = {^,V) e 0°(IR X S^,u*TM®u*TM) be compactly supported and 
denote 

c ■■= ic,v*)--= {-Dirc 

Recall that cg is the constant of Lemma D.7 and C3 is the constant of Proposi- 
tion D.5. By Lemma D.7, with ^ = tTeC* and rj = TTe(, we have 

IkeCllp < C6 IK^C - (©°)*7reC||p + C6 ||l?>sClp 

< C6 WMVirC - {VlTn^Cll + C6 pln^C - ^eKC% 

+ Ce\\7:,VlC\\p 

+ C3C6(£i/^||ril, + £'h*||p + e||V,,7*llp) 

< 2c3Co(l +c4ei/2)e^/2 IICIlo,^,^ +^6 heVlCW, 

+ 3C3C6(1 + C4e^/2)£l/^ ||C1lo,p,e + C3C4C6£ |l2?^C*llo,p,e 

< Cje'l^ IICllo,p,e + C3C4C6e IPSCIIo.p.e + ^6 Ikel^^Cllp • 

The fourth step follows by applying Theorem 3.2 twice, with the constant C4, 
namely for the operator (2?^)* to deal with the term Vtry, and for the operator 
"D^ to deal with the term Vtr/*. The final step follows from (144). 
Now it follows from Lemma D.6 that 

IICIIo,p,e < lie - ^^eCllo,p,e + lk^eCllo,p,e 

< 2Kpe {e-' llVtr - nX + \HriX) + H^^CII^ + e \Hi^eC\l 

< 2KpCie ||©^C*llo,p,e + IkeClIp + (2Kp + 4Kj,C4)e^/' ||C*|lo,p,. 

< C4(2Kp + C3C6)£ ||2?^C1lo,p,e + (^7 + 2Kp + 4KpC4)£^/' IIC*llo,p,e 

The third step follows from Theorem 3.2 for the operator I'J and Lemma D.3. 
The final step uses (145). Choosing eg > sufficiently small, wc obtain 

lirilp < IICIIo.p,. < 2C4(2Kp + C3C6)£||25^C*llo,p,e + 2C6||7r.P^C*llp- (146) 

By (114), we have 

||Clll,p,.<C5(s^ l|2^«C*llo,p,e + IICIIo,p,e)- 

Combining this with (146) we obtain (15). 

We prove (14). By the triangle inequality and Lemmata D.6 and D.3, we 

have 

\W% <\W- ^t^eC\\o,p,e + Pt(t - eVt^t)-\C - e'Vtry*)!!^ 

< «,eV2 (,-1 ||v,e _ ^*||^ + ||V,r,*||J + n,e-^'^ \\C\\, + 2^ 11^* lip 

< KpC4eV2 |pSC*llo,p,e + 2«p(l + c,e)e-^'^ ||C1lo,p,. 



81 



The last step follows from Theorem 3.2 for the operator D^. Similarly, 

\m%<ue-rix+\\v% 

< C5e \\VIC llo,p,e + lir lip + (1 + c,e^) \\V* ^ ■ 

Combining the last two estimates with (146) proves (14). Since all constants ap- 
pearing in the proof depend on norms of derivatives of u, they are invariant 
under s-shifts of u. This proves Theorem 3.3. □ 

Acknowledgement. Thanks to Katrin Wchrhcim for pointing out to us the 
work of Marcinkicwicz and Mihlin and to Tom Ilmanen for providing the idea 
for the proof of Lemma B.2. 
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